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Due to data sparseness and attribute redundancy in high-dimensional data, clusters of objects often
exist in subspaces rather than in the entire space. To effectively address this issue, this paper presents a
new optimization algorithm for clustering high-dimensional categorical data, which is an extension of
the k-modes clustering algorithm. In the proposed algorithm, a novel weighting technique for
categorical data is developed to calculate two weights for each attribute (or dimension) in each cluster
and use the weight values to identify the subsets of important attributes that categorize different
clusters. The convergence of the algorithm under an optimization framework is proved. The
performance and scalability of the algorithm is evaluated experimentally on both synthetic and real
data sets. The experimental studies show that the proposed algorithm is effective in clustering
categorical data sets and also scalable to large data sets owning to its linear time complexity with

Attribute weighting

respect to the number of data objects, attributes or clusters.

Crown Copyright © 2011 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Cluster analysis is a branch in statistical multivariate analysis
and unsupervised machine learning, which has extensive applica-
tions in various domains, including financial fraud, medical
diagnosis, image processing, information retrieval, bioinformatics.
Clustering is a process of grouping a set of objects into clusters so
that the objects in the same cluster have high similarity but are
very dissimilar with objects in other clusters. Various types of
clustering methods have been developed in the literature (e.g.,
[1]). While clustering of numeric data is extensively studied,
recently increasing attention has been paid to clustering catego-
rical data [2-10], where records are made up of non-numerical
data, since this task is of great practical relevance in several fields
ranging from statistics to psychology.

There are a number of challenges in clustering categorical data.
First, the lack of an inherent order on the domains of the
individual attributes prevents the definition of a notion of
similarity, which catches resemblance between categorical data
objects. Clearly, this imposes difficulties at devising a suitable
clustering quality that are not encountered in the case of numeric
attributes, where, instead, object similarity naturally follows from
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the geometric properties of the data. This means that the
techniques used in clustering numerical data are not applicable
to categorical data. Currently, several dissimilarity measures for
categorical data have been proposed in the literature, see, for
instance, [11]. Among them, the simple matching dissimilarity
measure [6] is widely used for its low computational burden.
Furthermore, categorical data are often high-dimensional such as
market-basket and Web usage data and so on. Records in such
data sets include a large number of attributes, typically with
Boolean values. Several emerging application settings require
clustering techniques that provide an effective and efficient
treatment of this kind of data, such as text analysis, bioinfor-
matics, e-commerce, astronomy, and the insurance industry
[12,13].

Unfortunately, conventional clustering techniques fall short
when clustering is performed in high-dimensional spaces [14].
For example, due to data sparseness or skewness, as well as
attribute irrelevancy or redundancy in high-dimensional data, as
the increase of the dimension cardinality, the dissimilarity
between a given object x and its nearest object will be close to
the dissimilarity between x and its farthest object. While the loss
of the dissimilarity discrimination in high dimensions, discover-
ing meaningful, separable clusters will be very challenging, if not
impossible. Moreover, an interesting cluster usually occurs in a
subspace defined by a subset of the initially selected attributes. To
find the cluster, it is important to identify the subset of attri-
butes. However, conventional clustering algorithms cannot select
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attributes automatically because they treat all attributes equally
in the clustering process. A common approach to cope with the
curse of dimensionality for mining tasks is to reduce the data
dimensionality by using techniques of feature transformation and
feature selection [13]. The feature transformation techniques,
such as principal component analysis (PCA) and singular value
decomposition (SVD), summarize the data in a fewer set of
dimensions derived from the combinations of the original data
attributes. However, the transformed features/dimensions have
no intuitive meaning any more and thus the resulting clusters are
hard to interpret and analyze [15]. On the other hand, the feature
selection methods [16-19] reduce the data dimensionality by
trying to select the most relevant attributes from the original data
attributes. In such a way, only a particular subspace is selected to
discover clusters. However, in many real data sets, clusters may
be embedded in varying subspaces, and thus in the feature
selection approaches the information of data objects clustered
differently in varying subspaces is lost [15].

To tackle the above problem of clustering high-dimensional
data sets, several clustering techniques have been developed in
the literature, such as bi-clustering and subspace clustering. Bi-
clustering [20,21] is a methodology where rows and columns are
clustered simultaneously, as an alternative to dimensionality
reduction techniques. The bi-clustering algorithms measure not
only the dissimilarity between rows but also the dissimilarity
between columns. The applied dissimilarity measures are similar
to the simple matching measure. However, the bi-clustering
algorithms are mainly applied to cluster binary data. When these
algorithms are used to tackle categorical data [22], multiple
category attributes need be converted into binary attributes
(using 0 and 1 to represent either a category absent or present).
If it is used in data mining, these algorithms need to handle a
large number of binary attributes because data sets in data
mining often have categorical attributes with hundreds or thou-
sands of categories. This will inevitably increase both computa-
tional and space costs. This is also an important reason for
designing algorithms to directly cluster categorical data.

Subspace clustering is a very effective method for clustering
high-dimensional numerical or categorical data. Its goal is to
locate clusters in different subspaces of the same data set. In
general, a subspace cluster represents not only the cluster itself,
but also the subspace where the cluster is situated. The two main
categories of subspace clustering algorithms are hard subspace
clustering and soft subspace clustering. Hard subspace clustering
methods are for the clustering of high-dimensional data. This kind
of subspace clustering algorithm identifies exact subspaces for
different clusters. For numerical data, such methods include
CLIQUE [12], ENCLUS [23], MAFIA [24], PROCLUS [25], ORCLUS
[26], FINDIT [27], DOC [28], d-Clusters [29], HARP [30] and LDR
[31] and so on. A detailed review of hard subspace clustering
algorithms for numerical data can be found in [13]. Although
most of these approaches were defined for numerical data, some
recent studies [32-34] also consider hard subspace clustering for
categorical data. For example, Gan [32] proposed the SUBCAD
algorithm for subspace clustering high-dimensional categorical
data set which iteratively finds an approximation of the optimal
partition. However, the algorithm cannot guarantee that the value
of the objective function decreases strictly in the iterative process.
Zaki [33] presented the CLICKS algorithm which encodes a data
set into a weighted graph structure. This algorithm starts from the
observation that clusters correspond to dense maximal k-partite
cliques and proceeds by enumerating all maximal k-partite
cliques and checking their frequency. A crucial step is the
computation of strongly connected components, that is, pairs of
attribute values whose co-occurrence is above a specified thresh-
old. For large values of m (or, more generally, when the number of

attributes or the cardinality of each attribute is high), this is an
expensive task, which makes the approach inefficient. In addition,
the technique depends upon a set of parameters, whose tuning
can be problematic in practical applications.

While the exact subspaces are identified in hard subspace
clustering, a weight is assigned to each attribute in the clustering
process of soft subspace clustering to measure the contribution of
each attribute to the formation of a particular cluster. In the
clustering procedure, each attribute contributes differently to every
cluster. The subspaces of different clusters can be identified by the
values of weights after clustering. Soft subspace clustering can be
considered as an extension of the conventional attribute weighting
clustering [35-37] which employs a common weight vector for the
whole data set in the clustering procedure. However, it is also
distinct in that different weight vectors are assigned to different
clusters. From this perspective, soft subspace clustering may thus be
referred to as multiple attribute weighting clustering. Soft subspace
clustering has recently emerged as a hot research topic, and many
algorithms have been reported [38-45]. Among them, the k-means-
type attribute weighting methods are well known for their effi-
ciency in clustering large data sets. Their computational complexity
is linear with respect to either the number of data objects, attributes
or clusters. The representative methods include Chan’s weighting
method [38] and Jing’s weighting method [42] and so on. Chan used
a similar optimization problem for the fuzzy clustering proposed by
Bezdek [46] to automatically compute weights for all attributes in a
cluster. Jing computed weights for all attributes in a cluster by using
an optimization method based on maximal entropy which was
proposed by Miyamoto [47]. However, as regard to the convergence
of the maximal entropy optimization method, there are some
disputes in the academic circles [48,49]. A detailed review of these
soft subspace clustering algorithms for numerical data can be found
in [50].

Although these soft subspace clustering algorithms have been
developed and applied to different areas, the use of these algo-
rithms is only limited to numeric data. Huang [6,7] proposed the
k-modes algorithm which extends the k-means algorithm by
using a simple matching dissimilarity measure for categorical
objects instead of Euclidean distance measure, modes instead of
means for clusters, and a frequency-based method to update
modes in the clustering process to minimize the clustering
objective function. These extensions have removed the numeric-
only limitation of the k-means algorithm and enable the k-means
clustering process to be used to efficiently cluster large catego-
rical data sets from real world databases. Chan [38] presented a
soft subspace clustering algorithm which uses the k-modes
paradigm to deal with categorical data. However, the method
encounters some problems in handling categorical data. The
simple matching dissimilarity measure computes the distance
by comparing their categorical values in each attribute. If the two
categorical values are identical, then the difference is 0 and
otherwise 1. Due to the fact that 0 multiplied by any weight
value is still 0, these weighting methods will not work when the
comparative result is 0. Moreover, for different comparative
results of the two categorical values, the weight values should
be different. While the comparative result is 1, the corresponding
weight value should be inversely proportional to the dispersion in
the attribute of the cluster. In this case, the larger the weighting
value is, the larger the dissimilarity between the object and the
cluster center in the attribute is. Conversely, while the compara-
tive result is 0, the corresponding weight value should be
proportional to the dispersion in the attribute of the cluster.
In this case, the smaller the weighting value is, the larger
the similarity between the object and the cluster center in the
attribute is. Therefore, motivated by this idea, we extend the
k-modes algorithm to propose an optimal attribute weighting
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algorithm for high-dimensional categorical data. The major con-
tributions of this paper are as follows:

e A new weighted dissimilarity measure is proposed, which is
applied to the k-modes algorithm. The updating formulas of
the k-modes clustering algorithm with the new weighted
dissimilarity measure are derived. The convergence of the
algorithm under an optimization framework is proved.

e The new dissimilarity measure is integrated with Chan’s
weighted dissimilarity measure to form a mixed weighted
dissimilarity measure. Based on the mixed dissimilarity mea-
sure, a mixed attribute weighting algorithm is proposed to
cluster high-dimensional categorical data. The convergence of
the proposed algorithm under an optimization framework is
proved.

e The performance and scalability of the mixed attribute weight-
ing algorithm is investigated by using both synthetic and real
data sets.

The rest of this paper is organized as follows. A detailed review of
the k-modes algorithm and the weighting k-modes algorithm is
presented in Sections 2 and 3, respectively. In Section 4, a new
weighted dissimilarity measure is presented and analyzed. In
Section 5, a mixed attribute weighting algorithm is proposed.
Section 6 illustrates the performance and scalability of the proposed
algorithm. Finally, a concluding remark is given in Section 7.

2. The k-modes algorithm

As we know, the structural data are stored in a table, where
each row(tuple) represents facts about an object. A data table is
also called an information system in rough set theory [51-53].
Data in the real world usually contain categorical attributes [54].
More formally, a categorical data table is defined as a quadruple
IS = (U,AV,f), where:

(1) U={x1,X2,...,Xs} is a nonempty set of n data points, called a
universe.

(2) A={ay,a3,...,a} is a nonempty set of m categorical
attributes.

(3) Vis the union of attribute domains, i.e., V= UJ’»“:1 Ve, where
Vo = {a}”,a]‘.z), ... ,a;"’)} is the value domain of categorical

attribute g; and is finite and unordered, e.g., for any
1<p<q<n;, either aj‘.p) :a](.q’ or aj‘.p) ;éaj(.q). Here, n; is the
number of categories of attribute g; for 1 <j<m.

(4) f:RxA—-V is an information function such that f(x;a;) € Vg
for1<i<nand 1<j<m, where R=Vg, x Vg, x - x Vg, and
UcR

The k-modes algorithm uses the k-means paradigm to cluster
categorical data. The objective of clustering a set of n categorical
objects into k clusters is to find W and Z that minimize [7]

k n
FW.2)= > "> wid(z,x;) M
i=1i=1

subject to

w;; € {0,1}, 1<l<k 1<i<n,

k
ZW;j:l, 1<i<n,
i=1 )
n
0<> wi<n, 1<l<k,

i=1

where

e 1 is the number of objects in U, k(< n) is a known number of
clusters;

e W =[wy] is a k-by-n {0, 1} matrix, wy; is a binary variable, and
indicates whether object x; belongs to the Ith cluster, w; =1 if
x; belongs to the Ith cluster and 0 otherwise;

® Z=1[21,23,...,z¢] and z; =[f(z,,a1).f(2,,a2), .. ..f(z;,am)] is the Ith
cluster center with categorical attributes ay,ay, .. .,anm;

e d(z;,x;) is a distance or dissimilarity measure between object x;
and the center z of the Ith cluster which is defined as

d@.x) =Y dq(z1X), 3
j=1
where
1v f(zlvaj) #f(xivaj)v
5(11 (Zlvxi) = { 0' f(zlvaj) :f(xivaj)' (4)

The minimization of F in (1) with the constraints in (2) forms a
class of constrained nonlinear optimization problems whose
solutions are unknown. The usual method towards optimization
of F in (1) is to use partial optimization for Z and W. In this
method, we first fix Z and find necessary conditions on W to
minimize F. Then, we fix W and minimize F with respect to Z. The
above optimization problem can be solved by iteratively solving
the following two minimization problems:

1. Problem P;: Fix Z=Z, solve the reduced problem F(W,Z);
2. Problem P,: Fix W =W, solve the reduced problem F(W,Z).

Problem P, is solved by

n 1 if d(ﬁl,Xi) < d(ih,xi), 1<h<k,

i = 5
Wi { 0 otherwise )
forl<i<n, 1<l<k.

Problem P, is solved by
faLay=a eV, (6)

where

lwilf(xi,a) = a”wy = 1 = wilfaap =a”wy =1}, 1<t<n

(7)
for 1 <j <m. Here, |X| denotes the number of elements in the set
X, Vg, = {a](.]),a](.z), ... ,a](."f)}, n;j is the number of categories of attri-

bute g; for 1 <j<m.

This process is formalized in the k-modes algorithm as follows
[7]:

Step 1. Choose an initial point set Z" < R. Determine W such
that F(W,ZM) is minimized. Set t=1.

Step 2. Determine Z(¢+1 such that FW®,Zt+1D) js minimized. If
F(W® zt+1y = FW®,Z®), then stop; otherwise goto Step 3.

Step 3. Determine W@+ such that F(W¢+D Zt+1D) is mini-
mized. If FW¢+D zE+Dy = F(W® Z¢+ D) then stop; otherwise set
t=t+1 and goto Step 2.

One of the drawback of the k-modes algorithm is that they
treat all attributes equally in deciding the cluster memberships of
objects in Theorem 1. This is undesirable in many applications
such as data mining where data often contain a large number of
sparse or redundancy attributes. A cluster in a given data set is
often confined to a subset of attributes rather than the entire
attribute set. Inclusion of other attributes can only obscure the
discovery of the cluster by a clustering algorithm.
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3. The weighting k-modes algorithm

Chan [38] proposed a soft subspace clustering algorithm for
numerical and categorical data which extends the k-means
clustering process to automatically calculate a weight for each
attribute in each cluster. When the algorithm is used to deal with
categorical data, the algorithm is viewed as a weighting k-modes
algorithm (WKM). The objective function of WKM is defined as

n

k m
FW.Z =YY% Wli)~g5aj(llvxi) ®)
iZizij=a

subject to the constraints in (2) and
/11_,‘ € [0,1],

m
> =1, 1<i<k, ®)

i=1

1<l<k 1<j<m,

where A =[4]is a k-by-n [0, 1] matrix, /;; is the weight for the jth
attribute in the Ith cluster and fe(1,+00) is a parameter for
controlling attribute weight Aj.

Similar to solving (1), the objective function (8) can be locally
minimized by iteratively solving the following three minimiza-
tion problems:

1. Problem P;: Fix Z=Z and A=A, solve the reduced problem
F(W.,Z,A);

2. Problem P,: Fix W =W and A = A, solve the reduced problem
F(W,Z,A);

3. Problem P5: Fix W =W and Z=2Z, solve the reduced problem
Fi(W,Z, 7).

Problem P, is solved by
. UL /} ~ m /3’ A
oy — 1 if gxljéaj(z,.xi) < gz,jéﬂj(zh,xi), 1<h<k, 10
j=1 j=1
0 otherwise

for1<i<n,1<l<k, and problem P; is solved in (6) and (7). The
solution to problem Ps is given by

ml if D[j=0 and m;=|{t: D[t(él,Xi)=O}\,
i
; 0 if Dy # 0 but Dy =0 for some ¢,
= 1 .
) Dy Y if Dj#0and Dj, #0, 1<h<m
=i o]
(11
for 1 <j<m, 1 <l<k, where
n o A
Dj= Z Wii0g;(Z1,X;) (12)

i=1

fori<j<m,1<l<k.

The above procedure is formalized in the algorithm as follows
[38]:

Step 1: Choose an initial point set Z» <R and set A" be a k-
by-m matrix with all the entries being equal to 1/m. Determine
WO such that F;(W,Z1", A7) is minimized. Set t=1.

Step 2: Determine Z¢+D such that F;(W®,z¢+D A®) is mini-
mized. If Fj(W® ZC+D AD)=F (W®,Z0 AD), then stop; other-
wise goto Step 3.

Step 3: Determine A“*V such that Fy(W®,zt+D A¢+Dy g
minimized. If F;(W®,Z¢+D Ay = F (w® zt+D 4Oy then stop;
otherwise goto Step 4.

200
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Fig. 1. An example of the frequency of each attribute value of its mode in a cluster,
where each bar corresponds to each attribute.

Step 4: Determine W(+D such that F(W+D ze+D ¢+ jg
minimized. If FW¢+D z(t+D AE+Dy = o z@+D D) then
stop; otherwise set t=t+1 and goto Step 2.

In the algorithm, given a data partition, the principal for
attribute weighting is to assign a larger weight to an attribute
that has a smaller sum of the within cluster distances and a
smaller one to an attribute that has a larger sum of the within
cluster distances. This principal conforms to reality. In the
k-modes algorithm, a cluster is represented by “mode”, which is
composed of the most frequent attribute value in each attribute
domain in this cluster. For an attribute, if the most frequent one of
its attribute values in the cluster is very low, the dispersion of the
objects from the mode in the attribute of the cluster is very large.
This also means that the mode in the attribute has very weak
representability in the cluster. Therefore, it is thought that the
smaller the sum of the within cluster distances in the attribute is,
the more important role the attribute plays in identifying the
cluster. For example, Fig. 1 shows the frequency of each attribute
value of its mode in a cluster. We see that the mode values in the
attributes ay4, as, ag and a; have higher frequencies than other
attributes. This indicates that the attributes a4, as, ag and a; have
more representability than other attributes in the cluster. There-
fore, the attributes a4, as, ag and a; are thought to be important
for identifying the cluster.

According to (3) and (4), we remark that the dissimilarity
between an object and a cluster center in a categorical attribute
only has two values, 0 and 1, which is different from numerical
attribute. When they have an identical value in the categorical
attribute, the dissimilarity is 0, otherwise 1. The weighted
dissimilarity measure between object x; and the center z is
defined as follows:

dw(@x) =Y Yo @X0), (13)

j=1
where
;“ﬁ‘v f(zlvaj) #f(xivaj)v

et 14
Vo @) {0 f@.a) =fx.a). -

We remark that the weight 4; does not work while
f(zi,a)) =f(x;,q5). Let us consider the following example to
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Table 1
An example data set.

Objects Attributes

X1
X2
X3
X4
X5

> >m>>>
> TNm>>

The mode z of the set

demonstrate the problem. The example data set in Table 1 is
described with two categorical attributes a; and a.

When the dissimilarity between the object x; and the mode z;
is measured by using dw(,.), we find that v, (z.x1)=
Wq,(21,%1)=0. This means that dy(,.) cannot discriminate the
weights of a; and a, which are treated equally in the above
situation. However, we can observe from (11) that the weight
value of an attribute in a cluster is inversely proportional to the
dispersion of the values from the center in the attribute of the
cluster. Since the dispersions are different in different attributes
of different clusters, the weight values for different clusters
are different. The high weight indicates a small dispersion in
the attribute of the cluster. Therefore, we can see that since the
frequency of the attribute value ‘A’ in a; is higher than the
attribute value ‘A’ in a,, the dispersion in a; is smaller than that
in a, which means that a; is more important to identify the
cluster than a,. However, if the value of the object in an attribute
is the same as the center of the cluster, their dissimilarity in the
attribute is 0, which makes the importance of attributes not
reflected. When we replace (4) with the following equation

5 ]v f(zlvaj) #f(xivaj)v
4 (Zl’Xi) = c, f(zlvaj) :f(xivaj)v

where c is a constant, c < 1 and c # 0, (15) removes the effect of 0
on the weights of attributes. Eq. (14) is changed as follows:

i @) fxa),
e, f@a) = fxia).

(15)

Y (21%0) = { (16)

Eq. (12) is also changed as

n n

n
Dj= > wydi(z,x;) = Wy +c > Wi

i=1 i=1,f(z.0) # f(x;,a5) i = 1.f(z,0) = f(x,.q)
=lal=(1-0)lcyl (17)
for 1 <j<m,1<I<k. Here, |¢] is the number of objects in the Ith
cluster, given by
lal = Hwilw; =1,1 <i<nj|, (18)

and |¢;| is the number of objects with category f(z;,q;) of the jth
attribute in the Ith cluster, given by

el = Hwilf (Xi,0) = f(Z1.qp), wy=1,1<i<n}|. (19)

Let us consider the above example again. We find that the
method also has brought some new problems, which are
described as follows:

(1) ¢> 0. In this case, according to (11) and (17), we see that
D;>0 and Dy is inversely proportional to 4; and |c;|. We

calculate w;,l(zl,xn:)»f]c and ngz(z,,xl):lfzc. By (11), we
know that )“1[31 > )Lg. Therefore, we have v (z;,x1) > /g, (21,%1)

which illustrates that the similarity between the object x; and
the center z in the attribute a; is less than that in the
attribute a,. This conclusion is contradictory to the original
idea of attribute weighting.

(2) ¢<0. In this case, we cannot guarantee that Dj; is always
positive, which means that 4; in (11) might be negative for
some data objects. This conclusion is inconsistent with the
constraint conditions in (9).

From the above analysis, we think that a weighted dissim-
ilarity measure for categorical data should have the following
properties:

(1) if f(x,ap) =f(z,ap) and f(x;,a;) # f(z;,a;), then the dissimilarity
between the object x; and the center z in the attribute g; is not
less than that in the attribute a.

(2) if |eiml > Il fxian) #f(z,ap) and f(x;,a) # f(z;,q), then the
dissimilarity between the object x; and the center z; in the
attribute a;, is more than that in the attribute a;.

(3) if |eml > Iyl fxi.ap) =f(z,ap) and f(x;,a)) =f(z,a), then the
dissimilarity between the object x; and the center z in the
attribute ay, is less than that in the attribute a;.

To satisfy the above properties, we will propose a new
weighting method for categorical attributes. For categorical data,
while comparing an object x; with a center z in an attribute aj,
there are two results, either f(x;,aj) =f(z,q)) or f(xi,q)) # f(z,q)).
In the new method, we will assign different weights for the two
results, A and S, respectively. If f(x;q) #f(z,q;), 4; is used to
measure the dissimilarity between the object x; and the center z;
in the attribute a;. 4; is proportional to |c;|. A can be computed by
using (11). If f(x;,a;) =f(z;,q;), s; is used to measure the dissim-
ilarity between the object x; and the center z, in the attribute g;. s
is inversely proportional to |c;|. The computing method of S will
be introduced in the next section.

4. A new weighted dissimilarity measure

In this section, we present a new weighted dissimilarity
measure which is applied to the k-modes algorithm. Let S ={s;]
be a k-by-n [0, 1] matrix, s; €[0,1] be the weight for the jth
attribute in the Ith cluster and f e (1,+00) be a parameter for
controlling attribute weight s;. The objective function (1) is
modified as follows:

k

FW.Z9)= 3 widizix) (20)

I=1i=1

subject to the constraints in (2) and

sjel0,1], 1<i<k 1<j<m,

m

ZSUzl, 1<l<k. @D
j=1

The new weighted dissimilarity measure d,(z,x;) is defined as
follows:

dn(@%) = Y o, (21X, 22)
j=1
where
1, fz.a) #fx.q),
Pay(21%) = Sg, f@,a) = fxi.a).

According to the definition of ¢(-,-), one can see that s; has an
effect when the value of an object x; in the jth attribute is equal to

23)
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that of the center z of the Ith cluster, i.e., f(x;,q) =f(z.a;). The
larger s is, the larger the dissimilarity between x; and z; in the
attribute g; is.

Similar to solving (8), we minimize (20) by iteratively solving
the following three minimization problems:

1. Problem P;: Fix Z=Z and S=S, solve the reduced problem
Fa(W,Z,5);

2. Problem P,: Fix W=W and S=5§, solve the reduced problem
Fa(W,Z,5);

3. Problem P5: Fix W =W and Z = Z, solve the reduced problem
Fa(W,Z,5).

Problem P, is solved by

if d,,(i,,xi) < dn(éh,xi), 1<h<k,

N 1
= 24
Wi { 0 otherwise 24

forl<l<kand 1<i<n.
The solution to problem P, is given in Theorem 1.

Theorem 1. Let U be a set of n categorical objects described by
categorical attributes ay,a,...,am and Vj, _{a(l’ aj(z) ,a}"f)}
where n; is the number of categories of attribute a, for 1<j<m.
Let the cluster centers 2z be represented by [f(z,a1),
fz,a),....f(z;am)] for 1<l<k. Then, the quantity
S 0 wydn(zi,x;) is minimized iff f(z,a;) = a}” € Vg, where

)

Hwalf(xia) = a”wy = 1 = {wilf(i,ap =a,wy =1}, 1<t<mn

forl<j<m.

Proof. For any given W and §$, all the inner sums of the quantity

k n

k n
SO widn@x) =Y
i=1i=

I=1i=1

m
D Wiithg, (21,X;)
1/=1

are nonnegative and independent. Minimizing the quantity is
equivalent to minimizing each inner sum. We write the [j th
inner sum (1 <I/<kand 1 <j<m)as

n
=D Wi, (21,%0).

=
When f(z,a;) = a\”, we have

n n
Z Wi +S$j5 Z Wi

Pj=

i=1fx.a)#d” i=1fea) =a
n n 1
= Wii— Z W[,‘+Slj Z Wii
i=1 i=1f(x.aq) = a]m i=1fx,aq)= a]{r)
n n
= —=8p) 3w
1 i=1fea) =

When W and § are given, >'_, W, and §; are fixed. Since
1-8;;> 0, it is clear that ¢,; is minimized iff

n

Z Wh = ‘{Wll If(xl!a]) =

i=1fx,aq)= a]

Wli —]}|

is maximal for 1 <t <n;. The result follows. O

Theorem 1 tells us that the cluster centers Z are updated in the
same manner as the original k-modes algorithm even when we

use a new weighted dlSSll‘l‘lllal‘lty measure. It implies that com-
puting the minimizer Z is independent of $.

Now, the key issue is how to compute S to solve problem Ps.
Theorem 2 rigorously shows the updating formula of S.

Theorem 2. Let W and Z be fixed and f > 1, Fy(W,Z,S) reaches a
local minimum only if S satisfies the following conditions:

s 1
V= T/G6-1 "
[Cijl
]

[Cn |

(25)

Proof. We rewrite problem Ps as

k m n

>SN Wi, (21,X;)

[=1j=1i=1

k m k m
= > llal-lell+ Z Z ilciils
j=1 1=

I=1j=

Fu(W,Z,5) =

where |¢;| and |cj| are constants for fixed W and Z. This means
that minimizing F,(W,Z,S) is equivalent to minimizing

k m
ZZ ii1cil- (26)
1=

The Lagrangian multiplier technique is used to obtain the follow-
ing unconstrained minimization problem:

k m k m
PSoy=>">"sflejl—= > (Z s,j—1>, 27)
I=1j=1 =1 j=1

where o = [o1,03, ...,04] is the vector containing the Lagrangian
multipliers. If (S,&) is a minimizer of P(S,), the gradients in both
sets of variables must vanish. Thus,

oP(S, ) 1 .

o5 =Picyls) - =0, 1<l<k 1<j<m (28)
and
PGS, O

= sj—1=0, 1<I<k. (29)

-1
From (28) and (29), we obtain

p 1
i=———— 13- "
Zm {M} 1/(-1)
"=1{\cpl
This shows that (25) is the necessary conditions for the optimiza-
tion problem P; to reach its minimum when W and Z are
fixed. O

(30)

According to Theorem 2, the dominant level of the mode
category is considered in the calculation of the dissimilarity
measure. The importance of an attribute in clustering is measured
by the frequencies of the mode category in the cluster. The larger
the |c;| is, the more representability the mode category has in the
cluster and the more important role the attribute g; plays in
identifying the cluster. We see that if |c;| > |cj|, then sj < sy,. This
means that when f(x,a)=f(z,q)) and f(x,ay)=f(z,ay), if the
frequency of f(z,a;) in the Ith cluster is more than f(z,ay), the
similarity between x and z; in the attribute g; is larger than that in
the attribute ay. Let us consider the example in Section 3 again.
Without loss of generality, we set ff=2. Using Theorem 2, we
obtain s;; = 1 and s, = 2. Thus, ¢, (2,.%1) < ¢g,(z,%1) which fits
reality.

The convergence of the k-modes algorithm with the new
weighted dissimilarity measure is obtained as in Theorem 3.
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Theorem 3. The k-modes algorithm with the new weighted dissim-
ilarity measure converges to a local minimal solution in a finite
number of iterations.

Proof. We first note that there are only a finite number of
possible partitions W. We then show that each possible partition
W appears at most once by the algorithm. Assume that
W& =W®), where t; #t,. We note that, given W®, we can
compute the minimizer Z® which is independent of S®. For
W®) and W), we have the minimizers Z and Z®), respectively.
Using W) and Z&), and W®) and Z®), we can compute the
minimizers S®) and S®), respectively, according to Theorem 2.
Although Z may be not equal to Z@, |c{"| = |c[*)| for 1 <j<m,
1<lI<k. It is clear that S®) =S®), Therefore we obtain

Foa( W z0) sty = F (W) 7(8) §(62)y,

However, the sequence F,(-, -,-) generated by the algorithm is
strictly decreasing. Hence, the result follows. O

The result of Theorem 3 guarantees the convergence of the
k-modes algorithm with the new weighted dissimilarity measure.

5. The mixed attribute weighting algorithm

In this section, we integrate Chan’s attribute weighting
method [38] and the proposed weighting method in Section 4
to form a mixed attribute weighting k-modes algorithm (MWKM)
for high-dimensional categorical data. Let E = {A,S}. The mixed
objective function is written as follows:

Fo(W,Z,E) = F{(W,Z,A)+ Fa(W,Z,5)+ T, Z ZAU+TS Z Zs/f

I=1j=1 [=1j=1
k m ; k m

= 3> wide@x)+ T YN AT S s) 31
I=1i=1 I=1j=1 iI=1j=1

subject to the same conditions as in (2), (9) and (21). The mixed
weighted dissimilarity measure d.(z;,x;) is defined as follows:

k n

> a4@x), (32)

=1

de(zlvx) =

where

{ 1 H{} f@.a)) # f(xi,q),
O—ﬂl (Zl'x ) =

33
S{j. f@,a) = f(xi.a)). G2

de(z;,%) satisfies the three properties mentioned in Section 3.
is inversely proportional to the dispersion of the values from the
center in the attribute of the cluster. The high /; indicates a small
dispersion in the jth attribute of the cluster. Therefore, that
attribute is more important in identifying the cluster. However,
in contrast to Ay, s;; is proportional to the dispersion of the values
from the center in the attribute of the cluster. The high s
indicates a large dispersion in the jth attribute of the cluster.
Therefore, this attribute is less important in identifying the
cluster.

In the objective function (31), SF_, 37, wyide(z),x,) is the
sum of the within cluster dispersions that we want to minimize.
T, Sk, it i{j. and T, °F_, St s,/j. are used to stimulate more
attributes to contribute to the identification of clusters in the
clustering process. By the Lagrangian multiplier technique, we
can obtain the minimum value of 7, A'{j:

P(A,00) = ZA +a<z i~ ) (34)
j=1

i=1

where A; = [An, A, . ... m]. If (A;,&) is a minimizer of @(A5,0), the
gradients in both sets of variables must vanish. Thus,

M_ﬁfﬁ Dyg=0 l1<j<m (35)
a/rlj

and

i) gy (36)
j=1

From (35) and (36), we obtain

A 1 .

X”:E' I<j<m. 37

We see that when the 4; are the same for 1<j<m, J_lﬂﬁ

achieves the minimum value, i.e.,

mmZ/l ( >ﬁ

j=1

We also know that

h f m 8 m b
Z’lu— DA+ D | XA =1
j=1 ji=1 g=h+1 j=1

If only one of the /; for 1 <j <m is nonzero, Z}”:] A,’; achieves the
maximum value, i.e.,

maxZ)":l.
j=1

This means that the smaller >/, Ag is, the more attributes the
weights are assigned to. Using the same analysis, we also can
obtain minimal and maximal values of >~/ s,’j., ie,

( ) Z sp<1.
j=1
Therefore the last two terms T,>F_, Zj_l j and
T8, Zj,lsg are added to the objective function so that we
can simultaneously minimize the within cluster dispersion and
minimize them to stimulate more dimensions to contribute to the
identification of clusters. The parameter T,(>0) and Ty( > 0) are
used to balance which part plays a more important role in the
minimization process of (31). The larger T, and T; are, the more
the last two terms contribute in the optimization process and the
“smoother” or fuzzier of the resulting A and S are. However, the
values of T, and Ts should not be too large. The reason is that
when T, and T are very large so that each element in 4 and S is
close to 1/m. In this case, the mixed dissimilarity measure (33)
becomes the simple matching dissimilarity measure (4) plus a
constant, i.e.,

1
0q;(ZjXi) = 0q,(ZXi) +

and the mixed objective function (31) also becomes the original
objective function (1) plus constants, i.e.,

B
Fo(W,Z,A) = FW,Z) +n+(T, + Ty)km (%) :

This will make the clustering process back to the standard
k-modes.

To minimize the mixed objective function, the matrices W, Z
and E are updated according to the following methods.

Given Z and E are fixed, W is updated as

if de(i,,xi) < de(é'h,Xi), 1< h < k,

1
A 38
Wi { 0 otherwise (38)

fori<i<n 1<i<k.
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Given W and E are fixed, Z is updated in the same manner as
that in Section 2.

Theorem 4. Let U be a set of n categorical objects described by
categorical attributes ay,a,...,am and Vg = {a(l’ a?, . ,aj(."f)}
where n; is the number of categories of attribute a, for 1<j<m.
Let the cluster centers 2z be represented by [f(z,a1),
f(z,a2), ... .f(z;,am)] for 1 <l < k. Then, the mixed objective function
(31) is minimized iff f(z,a;) = ajr) € Vg, where

)

Hwilf (x;,0) = a(r) Wi =1} = [(wlf (x,a) = ﬂ}(-t).Wli =1}, 1<t<n;

forl<j<m.

Proof. For a given W and E T,3F, it /1{; and
T Zf;] Z}"zlsg are constants. Minimizing F. is equivalent to

minimizing each inner sum of the quantity

k n m

k n
Z Z Wiide(2,X;) = Z Z Wy
I—1i=1j=1

i0a;(Z1,Xi),
I=1i=1

which is nonnegative and independent. We write the [,jth inner
sum (1 <l<kand 1<j<m)as

n
=Y Wita(Z1,%).

i=1

When f(z,a;) = a](.”, we have

R n n
Q= 1+4y) Z Z Wi

W1i+slj

i=1.f(x,0) # a‘.“ i=1f(x.q) = a]'.”
n n
—(1+)l])ZWll (1+)l]) Z W1i+§y Z Wli
i=1 i=1fx.0) = a;” i=1fx.0) = a}‘.“
n R n
= VAVh—(l +j'lj_slj)

When W and § are given, SF_1 Wy and §; are fixed. Since
1+2—8; =0, it is clear that ¢;; is minimized iff
n
Z Wi = [{(Wilf (xi,05) = al¥ Wy =1y

i=1fx.0) = a;”
is maximal for 1 <t <n;. The result follows. O

Theorem 4 tells us that it is safe to update the cluster centers Z
in the same manner as the original k-modes algorithm does even
when we use the mixed weighted dissimilarity measure.

Given W and Z are fixed, E is updated by using Theorem 5 to
minimize the mixed objective function.

Theorem 5. Let W and Z be fixed and f>1, Fe(W,ZE) reaches a
local minimum only if A and S satisfy the following conditions:

3 1

dpi= (39)
’ s [ICII—\Cul-FTv} V#-D
"=1llal-lcnl+Ty
and
N 1
5= /-1 (40)
h=11lewl+Ts

Proof. We rewrite problem Ps as

F.(W,Z,E)
k m n k m k m
= Z Wli(/baj(zlvxi)"'TV > ;~g+TS > 2 Sg
=1j=1i= I=1j=1 I=1j=1
k - m

k m k m
Z \cl|—|cm]+TvZZA lzlzlsgw,jwnlzzsu,
=1j=

I=1j=1

where || and |cj| are constants for fixed W and Z. The Lagrangian
multiplier technique is used to obtain the following uncon-
strained minimization problem:

15(/150(;1)
m
= Z Zil] leil—Icgl] +Tvz Zl{j+ Z Zs I
I=1j=1 I=1j=1 I=1j=1
k m k m k m
HTY DS s> [ Yo 41 Z S s-1 (A1)
I=1j=1 I=1 j=1 =1 j=1
where o =[o1,02,...,04] and 5=y, ..., are two vectors

containing the Lagrangian multipliers. If (4,S,4,7) is a minimizer
of P(A,S,0,1), the gradients in both sets of variables must vanish.
Thus,

oP(A,S, 0,
%—M "el—leyll+ AL Ty —a =0,

1<l<k 1<j<m, (42)
P(A,S, .
G(TU‘“I) Bsi eyl +psf T =0, 1<I<k 1<j<m,

(43)
aP(AS“”) ZAU 1=0, 1<lI<k (44)
j=1
and
5”(/15"“7) ~ Y s-1=0, 1=i<k (45)
j=1
From (42), (43), (44) and (45), we obtain
A 1
A= 46
! s {|cl|—|cy|+rv}”<”*“ o
"= lal—leml+Tv
and
5= ! @7)
" [lcu|+nr/<’””'
=11l +Ts

This shows that (39) and (40) are the necessary conditions for
the optimization problem Ps to reach its minimum when W and Z
are fixed. We also see that computing 4 and S are independent of
each other. O

The MWKM algorithm that minimizes (31) is summarized as
follows:

Algorithm—MWKM

Input: The number of clusters k and the parameters f, T, and Tg;
Randomly choose k cluster centers and set all initial weights of
A and S to 1/m;

REPEAT

Update the partition matrix W by (38);

Update the cluster centers Z by Theorem 4;

Update the dimension weights E by Theorem 5;

UNTIL (the objective function obtains its local minimum
value).
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Theorem 6. The mixed attribute weighting algorithm converges to a
local minimal solution in a finite number of iterations.

Proof. We first note that there are only a finite number of
possible partitions W. We then show that each possible partition
W appears at most once by the algorithm. Assume that
Wt =W®) where t; #t,. We note that, given W®, we can
compute the minimizer Z® which is independent of S®. For
W®) and W®), we have the minimizers Z and Z(), respectively.
Using W and Z®), and W®) and Z®), we can compute the
minimizers E® = {A™ s®} and E® = {A®™ S®)}, respectively.

Although Z® may be not equal to Z®, |c;j‘”|=|cfj‘2)| for

1<j<m, 1<l<k It is clear that A® =A® and §® =5,
Therefore, we obtain

Fe(W([‘),Z“”,E(“)) — Fe(W(m,Z(tZ),E“Z)).

However, the sequence F.(.,-,-) generated by the algorithm is
strictly decreasing. Hence, the result follows. O

In Fig. 2, we show the 100 curves, where each curve refers to
the objective function values against the iterations of the pro-
posed algorithm with different initial cluster centers on the
soybean data set from UCI [55]. It is clear from the figure that
the objective function values are decreasing in each curve. With
our results, we show that the objective function values are
decreasing when the mixed weighting method is used. We also
see in Fig. 2 that the algorithm stops after a finite number of
iterations, i.e., the objective function values do not decrease any
more. This is exactly the results we showed in Theorem 6. The
algorithm can be used safely.

The proposed algorithm is scalable to either the number of
objects, attributes or clusters. This is because the new algorithm
only adds a new step to the k-modes clustering process to
calculate the attribute weights of each cluster. The runtime
complexity can be analyzed as follows. We only consider the
three major computational steps:

e Partitioning the objects: After initialization of the attribute
weights of each cluster and the cluster centers, a cluster
membership is assigned to each object. This process simply

The objective function value

Iteration

Fig. 2. The objective function values against the iterations with different initial
guesses.

compares the summation of

m
de(z1,%) = > 0(Z1X)
j=1
for each object in all k clusters. Thus, the complexity for this
step is O(mnk) operations.

e Updating cluster centers: Given the partition matrix W, updat-
ing cluster centers is to find the modes of the objects in the
same cluster. Thus, for k clusters, the computational complex-
ity for this step is O(mnk).

e Calculating attribute weights: The last phase of this algorithm is
to calculate the attribute weights for all clusters based on the
partition matrices W and Z. In this step, we only go through
the whole data set once to update the attribute weights. The
computational complexity of this step is also O(mnk).

If the clustering process needs t iterations to converge, the
total computational complexity of this algorithm is O(mnkt)
which is as much as the original k-modes algorithm (O(mnkt)).
This shows that the computational complexity increases linearly
as the number of objects, attributes or clusters increases.

6. Experimental analysis

The main aim of this section is to evaluate the clustering
performance and scalability of the mixed attribute weighting
algorithm (MWKM). The motivation for development of the
MWKM algorithm is to cluster high-dimensional categorical data.
To better understand the properties of the algorithm, synthetic
data with controlled cluster structures and data sparsity were
first used to investigate the relationships of the dispersion and
weights of attributes in each cluster, the behavior of parameters
B.T,,Ts, and the performance of the algorithm on clustering
accuracy in comparison with other clustering algorithms. The
structure of a synthetic categorical data set has the following
characteristics: (1) it contains more than one cluster, (2) the data
values of a cluster are concentrated on a subset of relevant
attributes, whereas other irrelevant attributes contain sparse
values, and (3) the relevant attributes for different clusters can
overlap. Fig. 3 and [42] illustrates an example of a synthetic data
set with four clusters.

A similar process as given by Zait and Messatfa [56] was used
to generate the synthetic data sets with different cluster struc-
tures. Table 2 gives the algorithm for synthetic data generation.

In addition, we also used several real data sets downloaded
from the UCI Machine Learning Repository [55]. These data sets

Objects

Objects

Chbjects

Objects

Attributes Attributes Attributes Attributes

Fig. 3. The structure of a synthetic data set where the gray areas represent four
clusters that are formed in different subspaces, and the white areas represent the
dimensions where data entries are sparse values.
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Table 2
The algorithm for generating synthetic data.

1. Specify the number of clusters k, the number of objects in each cluster |¢;| for 1 <<k, the number of attributes m, the number of categories in each attribute n; for
1 <j <m, the number of relevant attributes in each cluster r( <m) for 1 <! <k, the lowest frequency of each mode value in each relevant attribute f, and the lowest

frequency of each mode value in each irrelevant attribute f;;
2. Forl=1tok
generate a set ¢, of |¢;| empty records with m attributes;

randomly select the r; attributes from all the attributes as relevant attributes of the Ith cluster;

For j=1tom

randomly select a category a}‘” from Vg, as the value of the mode of the Ith cluster;

If the hth attribute is relevant to the Ith clusters then
set |cy| =fr + L(Ic)|—fr)+rand()];
/[/rand() € [0,1] is a random function.
Else
set |¢jj| = fir + L(fr—fir)xrand(J;
End If
randomly select a set X of |c;| objects from the Ith cluster;
For each x in X
set f(x,aj) = a](.‘“;
End For
For each y in ¢—X
randomly select a category a}p’ from Valf(a}q’} which satisfies
its frequency in the Ith cluster is less than |cyl;
set f(x,a;) = a}p);
End For
End For
End For

Table 3
The seven data sets from UCIL

Table 4
Notation for the contingency table for comparing two partitions.

Data set Objects Attributes Clusters
Soybean 47 35 4

Heart disease 303 13 2
Dermatology 366 33 6
Breast cancer 699 9 2
Mushroom 8124 22 2
Connect-4 67,557 45 3
Census 2,458,284 68 N/A

are shown in Table 3. If the attribute value of an object in the
given data sets is missing, then we denote the attribute value by e.

6.1. Performance analysis

In the performance analysis, we adopt the three widely used
methods to evaluate the results of clustering algorithms:

The category utility function: The category utility (CU) function
[57] is an internal criterion which attempts to maximize both the
probability that two data objects in the same cluster obtain the
same attribute values and the probability that data points from
different clusters have different attributes. The expression to
calculate the expected value of the CU function is shown in the
following equation:

n

k m
=13 S a1 ~Pa? ), (48)
=1 1g=1

1l
Jj=

where P(a?|c) = |(xilf(x;,q)) = @/ x; e c}l /|cil, P@®)=|(xilf (x;,0) =
a]@.xi e U}|/n, and ¢ is a set of objects in the Ith cluster.

The adjusted rand index: The adjusted rand index [58] is an
external criterion which attempts to measure the similarity
between two partitions of objects in the same data set. Given a
set U of n data objects and two groupings (e.g., clusterings) of
these objects, namely C = {cy,¢;, ...,¢,} and P={py,p2,...,p}}, the
overlappings between C and P can be summarized in a contin-
gency table where n; denotes the number of common objects

C P Sums
b1 D2 e P

C1 Ny N2 Ny by

C2 na1 nao T N by

C N %) e Ny by

Sums d; d; e dj,

of groups ¢; and p;:n;=|c;Np;l. The adjusted rand index is
defined as

Index—Expectedindex
MaxIndex—Expectedindex

AdjustedIndex =

SR
=] ==

where ny,b;,d; are values from the contingency table (Table 4).
Since these given data sets contain the clustering label on each
data object, we will evaluate the clustering results by using ARI to
compare them with the original clustering labels. If the clustering
result is close to the true class distribution, then the value of ARI
is high.

The set matching technique: This category of methods is based
on measuring the shared set cardinality between two clusterings.
Similar to the adjusted rand index, the set matching technique is
also an external criterion in which external information-class
labels need be used. It computes the best matches between
clusters (in terms of shared points) from each of the two
clusterings and returns a value equal to the total number of
points shared between pairs of matched clusters. The simplest
form of set matching technique is called the set matching error

(49)
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(ER) [59], which is defined as

k max¥_ n;

ER=1-Y —I=11 (50)

i=1 n

where n;,k,k’ are values from Table 4. If the clustering result is
close to the true class distribution, then the value of ER is low.

Based on the above evaluation measures, we analyze the
performance of the proposed algorithm on two synthetic data
sets, called SDS1 and SDS2, and five real data sets: the soybean
data, the heart disease data, the dermatology data, the breast
cancer data and the mushroom data, respectively. On each data
set, the analysis consists of the following three parts:

Part 1: We compare the MWKM algorithm with other four
algorithms: the original k-modes algorithm (KM) [7], Chan’s
weighting algorithm (WKM) [38] and Jing's weighting algorithm
(EWKM) [42] and the k-modes algorithm with the new dissim-
ilarity measure (NWKM) proposed in Section 4. To ensure that the
comparisons are in a uniform environmental condition, we first
set the number of clusters is equal to the “true” number of classes
for each of the given data sets. Furthermore, due to the fact that
the performance of these algorithms depends on initial cluster
centers, we randomly select 100 initial cluster centers and carry
out 100 runs of KM, WKM, EWKM, NWKM and MWKM on each
data set, respectively. In each run, the same initial cluster centers
are used in the five algorithms. Finally, we fix the other para-
meters § =2 which most researchers proposed, T, =1 and T; = 1.
In the above parameters setting, we show the average values and
the best values of the 100 runs of each algorithm for CU, ARI and
ER on these data sets in Tables 5-11. In each cell of these tables,

Table 5
The summary results for 100 runs of five algorithms on the SDS1 data set.

the left value of “/” denotes the average value and the right value
of “/” denotes the best value.

Part 2: To analyze the effect of the parameter f3, we first fix the
other parameters T, =1, Ty =1 and randomly select 100 initial
cluster centers for each of the given data sets. Next, we apply the
WKM algorithm and the MWKM algorithm to cluster the data sets
with different f values, respectively, and compute the average
values for ARI,CU and ER in these 100 runs. Figs. 4, 6, 8, 10, 12, 14
and 16 show the comparison results of the WKM algorithm and
the MWKM algorithm with different f values (the value of f§ is
from 2 to 10 with step length of 1).

Part 3: To analyze the effect of the parameters T, and T, we
first randomly select 100 initial cluster centers for each of the
given data sets. Next, the MWKM algorithm is used to cluster the
data sets with different T, values while =2 and T; =1 are fixed
and the MWKM algorithm is used to cluster the data sets with
different T values while f =2 and T, = 1 are fixed. Figs. 5,7, 9, 11,
13, 15 and 17 show the average values for ARI,CU and ER in these
100 runs of the MWKM algorithm with different T, or Ts values
(the values of T, and Ts are from O to n/k with step length of
n/(10 x k), where n and k are the number of objects and the
number of clusters in the data set, respectively).

6.1.1. Synthetic data I

The first synthetic data set SDS1 has 1000 objects, 30 attri-
butes, and 5 clusters. The number of categories of each attribute is
set to 5. In each cluster, the number of objects and the number of
relevant attribute are set to 200 and 6, respectively. The para-
meter f; and f;, are set to 0.5 and 0.2, respectively.

KM WKM EWKM NWKM MWKM
CuU 2.0007/2.4134 1.5187/1.7868 1.5256/1.7497 2.1269/2.4322 2.3085/2.5142
ARI 0.5630/0.7692 0.3261/0.4125 0.3539/0.4654 0.6705/0.7963 0.7266/0.8461
ER 0.2479/0.0990 0.3958/0.2820 0.3737/0.2680 0.1868/0.0810 0.1425/0.0640
Table 6
The summary results for 100 runs of five algorithms on the SDS2 data set.
KM WKM EWKM NWKM MWKM
cu 2.8417/3.1761 1.4914/1.8047 1.4194/1.5944 2.8952/3.1923 3.0997/3.2395
ARI 0.6555/0.7748 0.1467/0.2498 0.1407/0.1860 0.7086/0.7762 0.7665/0.8306
ER 0.2020/0.1080 0.5871/0.4855 0.6116/0.5360 0.1760/0.1035 0.1254/0.0800
Table 7
The summary results for 100 runs of five algorithms on the soybean data set.
KM WKM EWKM NWKM MWKM
cu 4.6969/5.5575 3.4463/5.5575 4.6418/5.5575 4.7652/5.5575 4.8981/5.5575
ARI 0.6952/1.0000 0.4989/1.0000 0.6884/1.0000 0.7031/1.0000 0.7745/1.0000
ER 0.1500/0.0000 0.3181/0.0000 0.1717/0.0000 0.1359/0.0000 0.1164/0.0000
Table 8
The summary results for 100 runs of five algorithms on the heart disease data set.
KM WKM EWKM NWKM MWKM
cu 0.5746/0.6867 0.5311/0.6858 0.4629/0.6552 0.5908/0.6913 0.6438/0.7174
ARI 0.2558/0.3869 0.1209/0.2730 0.0856/0.2870 0.2714/0.3954 0.2915/0.4121
ER 0.2613/0.1881 0.3406/0.2376 0.3702/0.2310 0.2576/0.1848 0.2389/0.1782
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Table 9
The summary results for 100 runs of five algorithms on the dermatology data set.
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KM WKM

EWKM NWKM MWKM
(@4) 3.9374/4.5821 2.3193/4.1610 3.3288/4.5599 4.0158/4.6969 4.1368/4.7100
ARI 0.4505/0.6945 0.3349/0.7173 0.4731/0.7436 0.4833/0.7469 0.5081/0.7536
ER 0.3131/0.1831 0.4496/0.2104 0.3218/0.1475 0.2986/0.1557 0.2728/0.1530

Table 10

The summary results for 100 runs of five algorithms on the breast cancer data set.

KM WKM

EWKM NWKM MWKM
cu 0.8337/1.0431 0.5411/0.9624 0.5301/0.5703 0.8540/1.0421 0.8960/1.0431
ARI 0.5137/0.7244 0.2848/0.5630 0.2898/0.3123 0.5524/0.7236 0.5957/0.7244
ER 0.1518/0.0730 0.2197/0.1245 0.2173/0.2060 0.1405/0.0744 0.1231/0.0730
Table 11
The summary results for 100 runs of five algorithms on the mushroom data set.
KM WKM EWKM NWKM MWKM
Ccu 1.4090/1.7306 0.0471/1.2952 0.6434/1.6471 1.4453/1.7362 1.4928/1.7362

ARI 0.2526/0.6129 0.0004/0.0439 0.1096/0.7047 0.2988/0.6198 0.3218/0.6198
ER 0.2824/0.1054 0.4810/0.3951 0.3854/0.0803 0.2664/0.1064 0.2550/0.1064
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6.1.2. Synthetic data Il

The second synthetic data set SDS2 has 2000 objects, 50
attributes, and 10 clusters. The number of categories of each
attribute is set to 5. In each cluster, the number of objects and the
number of relevant attribute are set to 200 and 5, respectively.
The parameter f, and f;; are set to 0.5 and 0.2, respectively.

6.1.3. Soybean data

The soybean data set has 47 records, each of which is
described by 35 attributes. Each record is labeled as one of the
four diseases: Diaporthe Stem Canker, Charcoal Rot, Rhizoctonia
Root Rot, and Phytophthora Rot. Except for Phytophthora Rot
which has 17 records, all other diseases have 10 records each.

6.1.4. Heart disease data
This data set generated at the Cleveland Clinic has 303
instances with eight categorical and five numeric features. It

contains two classes: normal (164 data objects) and heart patient
(139 data objects). In the test, all numerical attributes are
removed from the data set.

6.1.5. Dermatology data

This data set describes clinical features and histopathological
features of erythemato-squamous diseases in dermatology. It
contains 366 elements and 33 categorical attributes. It has six
clusters: psoriasis (112 data objects), seboreic dermatitis (61 data
objects), lichen planus (72 data objects), pityriasis rosea (49 data
objects), chronic dermatitis (52 data objects) and pityriasis rubra
pilaris (20 data objects).

6.1.6. Breast cancer data
This breast cancer domain was obtained from the University
Medical Center, Institute of Oncology, Ljubljana, Yugoslavia. It
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consists of 699 data objects and 9 categorical attributes. It has
two clusters, benign (458 data objects) and malignant (241 data
objects).

6.1.7. Mushroom data

This data set includes descriptions of hypothetical samples
corresponding to 23 species of gilled mushrooms in the Agaricus
and Lepiota Family. It consists of 8124 data objects and 23
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categorical attributes. Each object belongs to one of two classes,
edible (4208 objects) and poisonous (3916 objects).

According to Tables 5-11, we see that the WKM and EWKM
algorithms have poor performance in clustering categorical data.
This indicates that these weighting algorithms are not fit for
clustering categorical data. Furthermore, we also see that the
performance of the proposed algorithm is superior to the KM,
WKM, EWKM and NWKM algorithms for ARI, CU and ER in
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clustering the data sets. Figs. 4-17 show that the clustering
results of the proposed algorithm were not sensitive to the
change of f, T, and Ts values. This means that the proposed

algorithm has very good robustness.

6.2. Scalability analysis

In the scalability analysis, we test the KM algorithm, the WKM
algorithm, the EWKM algorithm and the MWKM algorithm on the
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connect-4 data and the census data from UCI [55]. The computa-
tional results are performed by using a machine with an Intel
Q9400 and 2G RAM. The computational times of algorithms are
plotted with respect to the number of objects, attributes and
clusters, while the other corresponding parameters are fixed.

6.2.1. Connect-4 data
The connect-4 data contains all legal 8-ply positions in the
game of connect-4 in which neither player has won yet, and in
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which the next move is not forced. This data set contains 67,557
instances and 42 categorical attributes. It has three class: win
(44,473), loss (16,635) and draw (6449). Fig. 18(a) shows the
computational times against the number of objects, while the
number of attributes is 42 and the number of clusters is 3.
Fig. 18(b) shows the computational times against the number of
attributes, while the number of clusters is 3 and the number of
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objects is 680,000. Fig. 18(c) shows the computational times
against the number of clusters, while the number of attributes
is 42 and the number of objects is 680,000.

6.2.2. Census data
The census data has 2,458,284 records with 68 categorical
attributes, about 352 megabytes in total. It was derived from the

b c
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USCensus1990raw data set which was obtained from the (U.S.
Department of Commerce) Census Bureau website using the
Data Extraction System. We take 100,000 records from this
data set to test the scalability of the MWKM algorithm.
Fig. 19(a) shows the computational times against the number
of objects, while the number of attributes is 68 and the number
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of clusters is 3. Fig. 19(b) shows the computational times
against the number of attributes, while the number of clusters
is 3 and the number of objects is 100,000. Fig. 19(c) shows the
computational times against the number of clusters, while
the number of attributes is 68 and the number of objects is
100,000.
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According to Figs. 18 and 19, we see that the four algorithms
are scalable, i.e., the computational times increase linearly with
respect to the number of objects, attributes, or clusters. The
MWKM algorithm requires slightly more computational time
than other k-modes algorithms. It is an expected outcome since
the calculation of the weighting information requires some
additional arithmetic operations. However, according to the tests,
the computational time of the MWKM algorithm is still scalable,
i.e,, it can cluster large categorical data efficiently.
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7. Conclusions

In this paper, we have presented MWKM, a mixed attribute
weighting algorithm for high-dimensional categorical data which
is an extension of the k-modes algorithm. In this algorithm, a new
weighted dissimilarity measure has been proposed to eliminate
the effect of a problem that the attribute weight does not work
while the comparative result of an object and a cluster center in
an attribute is 0. Moreover, it has been integrated with Chan’s
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weighted dissimilarity measure to form a mixed weighted dis-
similarity measure which has been applied to the proposed
algorithm. We have rigorously derived the updating formulas of
the MWKM algorithm and proved the convergence of the algo-
rithm under the optimization framework. Experimental results
show that the proposed algorithm is effective and efficient in
clustering high-dimensional categorical data sets.
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