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Rough set theory is emerging as a powerful tool for reasoning about data, knowledge
reduction is one of the important topics in the research on rough set theory. It has
been proven that finding the minimal reduct of an information system is a NP-hard
problem, so is finding the minimal reduct of an incomplete information system. Main
reason of causing NP-hard is combination problem of attributes. In this paper, knowledge
reduction is defined from the view of information, a heuristic algorithm based on rough
entropy for knowledge reduction is proposed in incomplete information systems, the
time complexity of this algorithm is O(|A|?|U|). An illustrative example is provided
that shows the application potential of the algorithm.
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1. Introduction

Rough sets theory, introduced by Pawlak[1,2], is emerging as a powerful tool for rea-
soning about data, it has been one of the important approach for data analysis[3-6].
It provides techniques to reduce knowledge in database, by which the irrelevant or
superfluous knowledge (attributes) can be eliminated according to the learning task
without losing essential information about the original data in the databases. As a
result of the knowledge reduction, set of concise and meaningful rules are produced.

As is well known that an information system may usually have more than one
reduct[1,5]. This means the set of rules derives from knowledge reduction is not
unique. In practice, it is always hoped to obtain the set of the most concise rules.
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Therefore, people have been attempting to find the minimal reduct of information
systems, which means that the number of attributes contained in the reduction is
minimal. Unfortunately, it has been proven that finding the minimal reduct of an
information system is a NP-hard problem [7]. Similarly, an incomplete information
system may usually have more than one reduct, and finding the minimal reduct of
an incomplete information system is a NP-hard problem too.

Main reason of causing NP-hard is combination problem of attributes. General
method to solve this class problem is using heuristic search in artificial intelligence.
In this paper, first, rough entropy of knowledge is defined in incomplete information
systems, by which we can analyze the significance of every attribute, and regard it as
heuristic information in order to decrease search space. Then, we define knowledge
reduction from the view of information. Based on these, a heuristic algorithm for
knowledge reduction is proposed, and the complexity of the algorithm is analyzed.
To illustrate this algorithm, a running example is presented.

2. Incomplete Information Systems

Information system is a pair S = (U, A), where:

(1) U is a non-empty finite set of objects;

(2) A is a non-empty finite set of attributes;

(3) for every a € A, there is a mapping a, a : U — V,, where V,, is called the value
set of a.

Each subset of attributes P C A determines a binary indiscernibility relation
IND(P), as follows

IND(P) = {(z,y) € U x U| Va € P,a(z) = a(y)}-

It is easily shown that IND(P) is an equivalence relation on the set U.

The relation IND(P), P C A, constitutes a partition of U, which we will denote
by U/IND(P).

It may happen that some of attribute values for an object are missing. For
example, in medical information systems there may exist a group of patients for
which it is impossible to perform all the required tests. These missing values can
be represented by the set of all possible values for the attribute or by the domain
of the attribute. To indicate such a situation a distinguished value, a so-called null
value is usually assigned to those attributes.

If V,, contains null value for at least one attribute a € A, then S is called an
incomplete information system [8-10], otherwise it is complete. Further on, we will
denote null value by .

Let P C A, we define tolerance relation:

SIM(P) = {(z,y) € U x U| Va € P,a(z) = a(y) or a(z) ==* or a(y) = *}.



The Algorithm on Knowledge Reduction in Incomplete Information Systems 97

It is easily shown that

SIM(P) = (| SIM({a}).
a€P

Let Sp(z) denote the object set {y € U|(z,y) € SIM(P)}. Sp(z) is the maximal
set of objects which are possibly indiscernible by P with z.

Let U/SIM(P) denote classification, which is the family set {Sp(z)|z € U}.
Any element from U/SIM(P) will be called a tolerance class or the granularity
of information. Tolerance classes in U/SIM(P) do not constitute a partition of U
in general. They constitute a covering of U, i.e., for every £ € U we have that

Sp(z) # 0 and U Sp(z) =

Let P, Q C A

U/SIM(Q) = U/SIM(P) denotes Sg(z) = Sp(x) for every x € U.

U/SIM(Q) C U/SIM(P) denotes Sg(z) C Sp(z) for every z € U.

U/SIM(Q) C U/SIM(P) denotes Sq(z) C Sp(z) for every z € U and Sg(z) C
Sp(z) for at least one z € U.

Definition 2.1. Let S = (U, A) be an incomplete information system, P C A
and a € P. We will say a is dispensable in P if U/SIM(P) = U/SIM(P — {a});
otherwise a is indispensable in P. P is independent if each a € P is indispensable
in P; otherwise P is dependent.

Definition 2.2. Let S = (U, A) be an incomplete information system. P C A is a
reduct of A if P is independent and U/SIM(P) = U/SIM(A).

" Obviously A may have many reducts.
The set of all indispensable attributes in A will be called the core of A, and will
be denoted by core(A). In fact, core(A) is the intersection of all reducts of A.
In this paper, incomplete information system S = (U, A) be regarded as knowl-
edge representation system U/SIM(A) or knowledge A.

3. Knowledge and Rough Entropy

The concept of rough entropy has been introduced in information systems[11,12].
Now we introduce a definition of the rough entropy of knowledge in incomplete
information systems.

Definition 3.1. Let S = (U, A) be an incomplete information system, P C A. We
define the rough entropy of knowledge P as

|U|
1Sp (i)l |
E(P) ,
P == 707t e
where U = {x1,%2,---, 2|}, |U] is cardinality of set U and logz denotes log2z;

lST_l(ITQ‘l represents the probability of tolerance class Sp(z;) within the universe U,

m denotes the probability of one of the values in tolerance class Sp(z;).
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Property 3.1. (Cardinality) Let S = (U, A) be an incomplete information sys-
tem and P, Q C A. If there exists a one-to-one, onto function h : U/SIM(P) —
U/SIM(Q) such that

|h(SP(zi))| =|Sp(zi)], i=1,2,---,|U],

then

E(P) = E(Q)-

Property 3.1 states that the rough entropy of knowledge are invariant with
respect to difference the set of tolerance classes that are size-isomorphic.

Property 3.2. (Monotonicity) Let S = (U, A) be an incomplete information
system and P, Q C A. If U/SIM(Q) C U/SIM(P), then E(Q) < E(P).

Proof. Since U/SIM(Q) C U/SIM(P), we have that Sq(z;) C Sp(z;) for every
z; € U and Sq(z;) C Sp(z;) for at least one z; € U (where |Sp(z;)| > 1 and
|Sq(;)| > 1 for every x; € U). Hence,

1 U 1

177 2 ISaa9 g Sa(e0)| < 17 3 18p(a)log S (a9

] vl
-2 lscfrﬁl tz-n <2 %ﬁi)' o8 Tl
i im1 T4
Thus, E(Q) < E(P). O

Property 3.2 states that the rough entropy of knowledge decreases monotonously
as the granularity of information become smaller.
From property 3.2 we can obtain immediately the following properties.

Property 3.3. (Equivalence) Let S = (U, A) be an incomplete information sys-
tem, P C A. Then U/SIM(P) = U/SIM(A) if and only if E(P) = E(A).

Therefore, P C A is a reduct of A if and only if A is independent and E(P) =
E(A).

Property 3.4. (Maximum) Let S = (U, A) be an incomplete information sys-
tem, P C A. The maximum of the rough entropy of knowledge P is |U|log|U|. This
value is achieved only by the U/SIM(P) = {Sp(z) = Ulz € U}.

Property 3.5. (Minimum) Let S = (U, A) be an incomplete information sys-
tem, P C A. The minimum of the rough entropy of knowledge P is 0. This value is
achieved only by the U/SIM(P) = {Sp(z) = {z}|x € U}.
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If X is a finite set then the Hartley measure ([13]) of uncertainty is
H(X) = log, | X|.

We will now show the relationship between the rough entropy of knowledge and
the Hartley measure.

Ul

1 sp(a)
BP) = =3 = 8 5

|Sp ()]
Z TU| log |Sp(x;)]

Ul

|S (wt

Thus the rough entropy of knowledge P is the sum of the weighted Hartley measures
of the elements of U/SIM(P).

4. Significance of Attributes

Using rough entropy of knowledge, we can analyze the significance of every
attribute.

Definition 4.1. Let S = (U, A) be an incomplete information system, a € A. We
define the significance of a in A as

siga—{a}(a) = E(A—{a}) — E(A).

In the special case where A is a singleton, A = {a}, we also denote sigg(a) by
sig(a):

sig(a) = sigg(a) = E(0) — E({a}) = |U|log|U| — E({a}).
We know the following:
Property 4.1.

(1) 0 < siga—(a3(a) < |U|log|U]|.
(2) Attribute a € A is indispensable in A if and only if sigs_{q}(a) > 0.
(3) core(A) = {a € A| siga—_(q3(a) > 0}.

Definition 4.2. Let S = (U, A) be an incomplete information system, C C A. We
define the significance of a € A — C about C as

sigc(a) = sigcufa})-{a}(a) = E(C) — E(C'U {a}).
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Obviously, attribute a € A — C in C U {a} is indispensable if and only if
sige(a) > 0.

Theorem 4.1. Let S = (U, A) be an incomplete information system, C C A.
Then C is a reduct of A if C satisfies:

(1) E(C) = E(A);
(2) sigc—{a}(a) >0 for every a € C.

Proof. Follows immediately from Property 3.3 and Property 4.1. O

Theorem 4.1 provides the definition of knowledge reduction from information
prospective, which is theoretical foundation for our algorithm given in the next
section.

5. Algorithm Based on Rough Entropy for Knowledge Reduction

In this section, a heuristic algorithm for finding reduct is presented.

Let S = (U, A) be an incomplete information systems. Since core is the common
part of all reducts, core can be used as the starting point for computing reduct.
The significance of attributes can be used to select the attributes to be added to
the core. This algorithm finds an approximately minimal reduct.

Algorithm on knowledge reduction in incomplete information systems:
Input: An incomplete information system S = (U, A).
Output: One reduct P of A.

Step 1. Compute the rough entropy F(A) of attributes A.

Step 2. Compute core(A) = {a € A| siga_(a}(a) > 0}.
If E(core(A)) = E(A), then the algorithm terminates (core(A) is the minimal
reduct).

Step 3. (Create a subset C of attributes A by adding attributes)

Set C := core(A).

While E(C) # E(A) Do

(1) Compute significance of attribute sigc(a) for every attribute a € A — C.
(2) Choose attribute a which satisfy equation:

sigc(a) = maz{sigc(a’)] ' € A—C} and CU{a} —C.
(3) Compute E(C).
Endwhile
Step 4. (Create a reduct P of A by dropping attributes)
Set C' = C — core(4), |C'| - N.
For i =1to N Do
(1) Remove the ith attributes a; from C’.
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(2) Compute E(C' U core(A)).
(3) If E(C" Ucore(A)) # E(A), then C' U{a;} — C'.
Endfor

Let C’ U core(A) — P, the algorithm terminates (result P constitutes a reduct
of A).

By using this algorithm, the time complexity to find one reduct is polynomial.

At the first step, the time complexity to compute E(A) is O(|U}).

At Step 2, we need to compute core(A), i.e., compute sig4_(q}(a) for all a € A.
The time complexity for computing core(A) is O(|A||U]).

At Step 3, the time complexity to compute all sigc(a) is (JA| + (J4] — 1) +
<o+ 1) x |U] = |A| x (JA] +1)/2 x |U| = O(|A|?|U|). The time complexity to
choose maximum for significance of attribute is (|4] — 1) + (JA| —2)+---+1=
(JA|—1) x |A|/2 = O(JA]?). The time complexity to compute all E(C) is O(|A||U|).
So the price of step 3 is O(|A|?|U]).

At Step 4, the time complexity to compute all E(C’ U core(A)) is O(|A||U]).

Thus the time complexity of this algorithm is O(|A|?|U|) (where we ignore the
time complexity for computing tolerance classes).

Example 5.1. Consider descriptions of several cars as in Table 1.

Table 1.
Car  Price Size Engine  Max-Speed
up low compact * low
Uz low full diesel high
u3 high full diesel medium
Uy high * diesel medium
us low full gasoline high

This is an incomplete information system, where U = {u3,u2, u3, u4,us}, and
A = {ay,a2,a3, a4}, where a;-Price, as-Size, as-Engine, as-Max-Speed.

For Table 1, we compute an approximately minimal reduct by using our
algorithm.

Step 1A. Compute U/SIM(A) = {Sa(u1),Sa(u2),Sa(us),Sa(ua), Sa(us)},
where Sa(u1) = {u1}, Sa(uz) = {uz2}, Sa(us) = Sa(us) = {us, ua}, Sa(us) = {us}.
E(A) =0.8.

Step 2A. Compute sigs_(q,}(a1) = 5ig4—{as}(a2) = 8iga—{as}(as) = 0,
$19A—{as}(a3) = 3.2; core(A) = {a3}; E(core(A)) = 7.521928. Since E(core(A)) #
E(A), go to Step 3A.

Step 3A. Set C := core(A) = {as}.
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Compute U/SIM(C) = {Sc(u1), Sc(uz2), Sc(us), Sc(us), Sc(us)}, where
Sc(u1) = {u1, ua, us, ug, us}, Sc(u2) = Sc(us) = Sc(us) = {u1, uz, us, uas},
Sc(?ts) = {ul, u5}.

Since E(C) # E(A), we compute sigc({a1}) = 4.970951, sigc({a2}) =
3.619973, sigc({as}) = 6.721928.

Choose a = a4. Set C := C U {as} = {a3, a4}

Compute U/SIM(C) = {Sc(u1), Sc(ug), Sc(us), Sc(us), Sc(us)}, where
Sc(u1) = {u1}, Sc(uz) = {uz}, Sc(uz) = Sc(us) = {us, us}, Sc(us) = {us}.

Compute E(C) = 0.8.

Since E(C) = E(A), go to step 4A.

Step 4A. Set C' = C — core(A) = {aa}, |C'|=1— N.

Set ' —{as} =0—C".

Compute E(C' U core(A)) = E({as}) = 7.521928.

Since E(C’ U core(A)) # E(A), C' U{as} = {as} — C".

Since N =1, let C"Ucore(A) = {as,as} — P, the algorithm is completed. Thus
P = {a3,a4} is one reduct of the set A.

In fact, P = {a3, a4} is the minimal reduct of A, since the set A of all attributes
has two reducts {a1,a2,a3} and {as,a4}.

6. Conclusions

In this paper, we define knowledge reduction from the view of information and use
rough entropy of attributes to define the significance of the attributes. A heuris-
tic algorithm for knowledge reduction is proposed for finding an approximately
minimal reduct in incomplete information systems. The time complexity of this al-
gorithm is O(|A|?|U|). The importance of the minimal reduct is due to its potential
for speeding up the learning process and improving the quality of classification.
Furthermore, we are studying algorithms of knowledge reduction and knowledge
discovery in incomplete decision table.
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