Applied Mathematics and Computation 218 (2012) 5409-5413

Contents lists available at SciVerse ScienceDirect X
APPLIED
MATHEMATICS
Applied Mathematics and Computation CompuTATION
journal homepage: www.elsevier.com/locate/amc e
. . i\\r
Embedding long cycles in faulty k-ary 2-cubes
Shiying Wang **, Kai Feng®, Shurong Zhang?, Jing Li?
2School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi 030006, People’s Republic of China
b School of Computer and Information Technology, Shanxi University, Taiyuan, Shanxi 030006, People’s Republic of China
ARTICLE INFO ABSTRACT
Keywords: The class of k-ary n-cubes represents the most commonly used interconnection topology
Fault-toleranc_e for distributed-memory parallel systems. Given an even k > 4, let (V4,V,) be the bipartition
Eygle ;mbiddmgs of the k-ary 2-cube, f,1, f,» be the numbers of faulty vertices in V; and V5, respectively, and
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fe be the number of faulty edges. In this paper, we prove that there exists a cycle of length
k? — 2max({f,1.f,2} in the k-ary 2-cube with 0 < f,; + fio + f. < 2. This result is optimal with
respect to the number of faults tolerated.
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1. Introduction

The k-ary n-cube Qﬁ has many desirable properties, such as ease of implementation, low-latency and high-bandwidth in-
ter-processor communication. Therefore, a number of distributed-memory parallel systems (also known as multicomputers)
have been built with a k-ary n-cube forming the underlying topology. The graph embedding is a technique that maps a guest
graph into a host graph (usually an interconnection architecture). Many graph embeddings take cycles and paths as guest
graphs [1,3-10], because these interconnection architectures are widely used in distributed-memory parallel systems.

As failures are inevitable, fault-tolerance is an important issue in the distributed-memory parallel system. Recently, fault-
tolerant cycle-embeddings of various interconnection networks received much attention (see, for example, [1,3,9]). In [11],
Yang et al. proved that the faulty k-ary 2-cube with odd k > 3 admits a hamiltonian cycle if the number of faults does not
exceed 2. For even k > 4, Stewart and Xiang [7] investigated the problem of embedding long paths in k-ary 2-cubes with
faulty vertices and edges and presented the following result.

Theorem 1 [7]. Let k > 4 be even, and let f, be the number of faulty vertices and f, be the number of faulty edges in Q’ﬁ with
0 < fy+fe < 2. Given any two healthy vertices s and t on’z‘, then there is a path from s to t of length at least k* — 2f, — 1 in the
faulty Q’z‘ if s and t have different parities (the parity of a vertex v= v;v, of Q’Z‘ is defined to be v; + v, modulo 2).

As every pair of adjacent vertices have different parities when k is even, there is a cycle of length at least k* — 2f, in the
faulty Q’Z‘. In fact, this result can be improved according to the possible distribution of the faulty vertices. The parity of a ver-
tex v= v, of Q’; is defined to be #; + v, modulo 2. We speak of a vertex as being odd or even according to whether its parity
is odd or even. In this paper, we prove that there exists a cycle of length k* — 2max{f,1,f.,»} in the Q’z‘ with at most two faults,
where f,; (resp. f;2) is the number of faulty vertices which are even (resp. odd). As fy1 + fi» = f,, we have max{f,1,f.»} < f, when
fu1 =fz = 1. Obviously, k* — 2max{f,1.f.2} = k* — 2f,. Therefore, our result improves the result noted above.
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The rest of this paper is organized as follows. In Section 2, we introduce some basic definitions. In Section 3, we prove the
main result. Conclusions are covered in Section 4.

2. Basic definitions

Throughout this paper, notation and terminology mostly follow [2].

The k-ary 2-cube Q’z‘ is a graph consisting of k? vertices, each has the form v = v,1,, where 0 < vy, 1, < k — 1. Two vertices
v= 11, and u = uju, are adjacent if and only if there exists an integer j, j € {1,2}, such that u; = »;+ 1 (mod k) and u; = v, for
ie{1,2\{j}. For clarity of presentation, we omit writing “(mod k)" in similar expressions for the remainder of the paper.
A k-ary 2-cube with even k > 4 is a bigraph. Let V; (resp. V,) be the set of the vertices which are even (resp. odd). Then
(V4,V,) is a bipartition of the k-ary 2-cube. Many structural properties of k-ary 2-cubes are known, but of particular relevance
for us is that a k-ary 2-cube is vertex-transitive, that is, for any two distinct vertices u and v of Q’;, there is an automorphism
of Q’g mapping u to v. In particular, the mapping 0:ij — i(k —j), 0 <i,j <k — 1, is an automorphism of Q’Z‘.

For convenience, we write v, as the vertex of QS with the form ab, where 0 < a,b <k — 1.For 0 <i<j <k —1,Row(i:j)is
the subgraph of Q’2< induced by {7,5:i < a <j,0<b <k — 1}. We simply write Row(i) instead of Row(i:i). It can be seen that
each Row(i) is a cycle of length k. Let (#;;, vi;+1) be an edge of Row(i). Then the edge (¥n, Unj+1), m € {i — 1,i + 1}, is called the
corresponding edge of (v, v;j+1) in Row(m).

3. Cycle embeddings in faulty k-ary 2-cubes

To show our main result, we first introduce some useful lemmas. A pair of vertices {u, v} is odd (resp. even) if u and » have
different (resp. the same) parities.
According to the proof of Lemma 1 in [7], the following lemma holds.

Lemma 3.1 [7]. Given an even k > 4, let v be a faulty vertex of Row(0:1) in Q’z‘ and let s and t be two distinct healthy vertices of
Row(0:1). If {v,s} is odd and {s, t} is even, then there is a path from s to t of length 2k — 2 in Row(0:1).

According to Theorem 1, the following lemma holds.

Lemma 3.2 [7]. Given anevenk > 4, let s and t be any two distinct healthy vertices of Q’2< with two faulty vertices. Then there is a
path of length at least k> — 5 from s to t if {s,t} is odd.

Lemma 3.3 [7]. Given aneven k > 4, let s and t be two distinct healthy vertices of Row(0:p — 1) in Q’z‘, where 2 < p <k. If {s,t}is
odd (resp. even), then there is a path from s to t of length pk — 1 (resp. pk — 2) in Row(0:p — 1).

A matching in a graph is a set of pairwise nonadjacent edges. The vertex incident with an edge of a matching is said to be
covered by the matching. A perfect matching is one which covers every vertex of the graph. Let G; and G, be two graphs. We
denote by G;AG, the graph induced by the edges of E(G;)AE(G;), where E(G1)AE(G,) denotes the symmetric difference of
E(Gy) and E(G). Given an integer m with 1 <m <k, let M = {(vij,, vij,+1), (Vijy, Vijy+1), - - -» (Wi, Vigs1) 1 0 <Jy < k=1,

= 1,2, ey m} [ E(ROW(l)) and let Cjn = (Uijn’ Vit1jy» Vi1, +1, Vijy+1, 7/1'\/'”). Set C(M) = le AN Cjz VANRIRWAN ij.

Lemma 3.4. Given an even k > 4, let v and w be two distinct faulty vertices of Row(0:1) in Q’z‘. If {v,w} is odd, then there is a cycle
of length 2k — 2 in Row(0:1) that contains at least one healthy edge of Row(0).

Proof. Without loss of generality, assume that v = 7po. We distinguish two cases.

Case 1. w is a vertex of Row(0). Let w=1g;(1 <i<k—1). As 0:v;j - vj,_; is an automorphism of Q’;, 0(v0p0) = Voo and
0(vo;) = Yok_i» it is enough to consider 1 <i< % As {yw} is odd and wyo is even, i is odd. Let
M ={(%0.1,%.2),(%03, Y0.4), - - -»(%0,i-2, 0,i-1) (0,i+1, Yos2)s - - -, (Yos—2, Yok-1)}. Then it is easy to see that M is a perfect
matching of Row(0) — {»,w}. Thus, C = Row(1) A C(M) is a cycle of length 2k — 2 in Row(0:1). As |M| =2 > 1
and M C E(C), C contains at least one healthy edge of Row(0).

Case 2. wis a vertex of Row(1). Let w= ;0 <j <k —1). As {y;w} is odd and v is even, j is even. Suppose that w = v; g,
then C= (21, %2 - - -» Yok—2  Yok—1» V1 k—1, V1 k—2- - -» V1,2, V1.1, Yo,1) 1S as required. Suppose that w # v, 5. Let M be the
maximum matching of Row(1)—w such that (vjp,211) € M; and (v1x 2, V1k1) ¢ M]. Set M; =M;u
{(v10, V14-1)}- Let My be the set of corresponding edges of M; in Row(0). Then C = Row(1)A C(E(Row(0)) — M)
is a cycle of length 2k — 2 in Row(0:1). As |[Mp| = [M;| < k and (E(Row(0)) — Mp) C E(C), C contains at least one
healthy edge of Row(0). O

Theorem 3.1. Letk > 4 be even, and let f, <2 be the number of faulty vertices in Q’z‘. Then there is a cycle of length
k2 — 2max{f,1,f.2} in the faulty Q’g, where f,; (resp. f,2) is the number of faulty vertices which are even (resp. odd) and f,; + fu2 = f
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Proof. According to the number of faulty vertices f,, we distinguish three cases.

Case 1. f,=0.
In this case, f;1+fp,=0. We have f,=f;,=0. Note that Row(0:k—1) is not empty. Let
(s,t) € E(Row(0:k — 1)) be a healthy edge in QX. Then {s,t} is odd. By Lemma 3.3, there is a path P in
Row(0:k—1) from s to t of length k*—1. So P+(s,t) is a cycle of length k* in Q’g, where
k? = k? — 2max{fy1.fiz}.

Case 2. f,=1.
In this case, f,; + f,» = 1. We have

{fm:L or {fm:Q

f1/2:07 f1/2:1~ (3])

Without loss of generality, we consider f,; =1 and f,; =0. Let even v= 7y be the faulty vertex. Note that Row(0:1) and
Row(2:k — 1) are two subgraphs of Q'g. Given an odd i and an even j (0 <i,j <k —1),let s=1; and t = v; ;. Then {#,s} is odd
and {s,t} is even. By Lemma 3.1, there is a path P; in Row(0:1) from s to t of length 2k — 2. Let s; = v, and t; = v». Then
(20, vk—1,) and (vy j, v25) are two healthy edges in the faulty Q’Z‘. It is easy to see that {sq,t;} is even. Combining this with the fact
that Row(2:k — 1) and Row(0: k — 3) are isomorphic, Lemma 3.3 implies that there is a path P, in Row(2: k — 1) from s; to t; of
length (k—2)k—2. Now, PiUP;+{(v;v-1i) (1125} is a cycle of length | with [=(2k—-2) +(k-2)
k—2+2=k —2=k*— 2max{f,1.f,p} in the faulty Q%.
Case 3. f,=2.Inthis case, f,; + f,» = 2. We have

{fm :2> or {fm :17 or {fﬂ :Oa
fy2:07 fV2:17 fv2:2~
Case 3.1. f,1=2,fp=0o0r f,;; =0, f)p = 2. Without loss of generality, we consider f,; = 2,f,» = 0. Let (s,t) € E(Q';) be a

healthy edge. Then {s,t} is odd. By Lemma 3.2, there is a path P in the faulty Q’; from s to t of length
k? —5.S0 P+(s,t) is a cycle of length k* — 4 in the faulty Q%, where k* — 4 = k? — 2max{fy1,f.).

Case 3.2. fu=fp=1.
Suppose that even v and odd w are the two faulty vertices. Without loss of generality, let v= 10. According
to the possible distribution of w, we distinguish three subcases.

(3.2)

Case 3.2.1. w is a vertex of Row(0:1) or Row(k — 1).

Suppose that w is a vertex of Row(0:1). Note that Row(0:1) and Row(2:k — 1) are two subgraphs of Q’g. As
{v,w} is odd, Lemma 3.4 implies that there is a cycle C; in Row(0:1) of length 2k — 2 containing a healthy
edge (¢,w') of Row(0). Let ¢/ (resp. w;) be the adjacent vertex of v (resp. w) in Row(k — 1). Then
(v, v)) and (W, w,) are two healthy edges in the faulty Q%. As {¢,w'} is odd, we have that {¢}, w/} is
odd. Combining this with the fact that Row(2:k — 1) and Row(0:k — 3) are isomorphic, Lemma 3.3 implies
that there is a path P in Row(2:k—1) from ¢, to w; of length (k—2)k-1. So
CiUP+{(v,v)), W, w)} —{(v,w)} is a cycle of length [ with I=(2k—-2)+(k—-2)k—-1+2-1=
k? — 2 =k? — 2max{f,1.f2} in the faulty Q.

Suppose that w e V(Row(k — 1)). Let w=1u,_1; (0<j<k—1). As 041:v;; > v,_;; is an automorphism of
Q’2‘7 61(vo0) = voo and 01(v,_1,4) = v45. Similarly, we can obtain a desired cycle.

Case 3.2.2. w is a vertex of Row(2:3) or Row(k — 3:k — 2). Suppose that w is a vertex of Row(2:3). For k = 4, note that
Row(0:1) and Row(2:3) are subgraphs of Q‘Z‘. Let even w' be a healthy vertex of Row(2) and let w} be the
adjacent vertex of w’ in Row(1). Then w} is odd and (W', w}) is a healthy edge in the faulty Q3. Let odd v/
be a healthy vertex of Row(0). As {#,7/} is odd and {¢’, w}} is even, Lemma 3.1 implies that there is a path
P; in Row(0:1) from V' to w} of length 6. Let ¢, be the adjacent vertex of v' in Row(3). Then v} is even and
(v, v},) is a healthy edge in the faulty Q3. As {w,w'} is odd and {w/, v}} is even, Lemma 3.1 implies that
there is a path P, in Row(2:3) from ¢} to w' of length 6. So P, UP, + {(W,w}), (¢, ¢})} is a cycle of length
I with I=6+6+2 =14 =42 — 2max{f,1.f,»} in the faulty Q3.

For even k > 6, note that Row(0:1), Row(2:3) and Row(4:k — 1) are subgraphs of Q’z‘. Let even W’ be a healthy ver-
tex of Row(2) and let w) be the adjacent vertex of w inRow(1). Thenw/ is odd and (w', w}) isahealthy edge in the
faulty Q’z‘. Let odd v be a healthy vertex of Row(0). As {#,v/} is odd and {2’, w}} is even, Lemma 3.1 implies that
there is a path P; in Row(0:1) from v’ to w; of length 2k — 2. Let even x be a healthy vertex of Row(3). As {w,w'} is
odd and {w’,x} is even, Lemma 3.1 implies that there is a path P, in Row(2:3) from x to w’ of length 2k — 2. Let x; be
the adjacent vertex of x in Row(4). Then x; is odd and (x,x;) is a healthy edge in the faulty Q’Z‘. Let 7} be the adjacent
vertex of v in Row(k — 1). Then ¢/ is even and (¢/, 7)) is a healthy edge in the faulty Q';. As {x;, v} isoddand
Row(4:k — 1)and Row(0:k — 5) are isomorphic, Lemma 3.3 implies that there is a path P; in Row(4:k — 1) from x;
to v, of length (k—4)k—1. So PyUP, UP; +{(W,W}), (X,x1),(¢,v;)} is a cycle of length [ with
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I=(2k —2)+(2k — 2)+ (k — 4)k — 1+3 =k? — 2 = k? — 2max{f,1.f,x} in the faulty Q.
Suppose thatw € V(Row(k — 3:k — 2)). Letw = v;;, wherei € {k — 3,k — 2}and 0 <j < k — 1. As 01: v; > v_jjisan
automorphism of Q’g, 01(v00) = Voo, 01(Vk_3j) = v3;and 01(v_25) = v»; Similarly, we can obtain a desired cycle.
Case 3.2.3. w is a vertex of Row(n), where 4 < n<k—4. In this case, we have even k > 8. Note that Row(0:1),
Row(2:n — 1), Row(n:n + 1) and Row(n + 2:k — 1) are subgraphs of Q’z‘. Let odd v’ (resp. odd w’) be a healthy
vertex of Row(0) (resp. Row(1)). As {7, 7} is odd and {#/,w'} is even, Lemma 3.1 implies that there is a path P;
in Row(0:1) from v' to w’ of length 2k — 2. Let even ¢} (resp. even w}) be a healthy vertex of Row(n) (resp.
Row(n +1)). As {w, v} is odd and {7;, w;} is even, Lemma 3.1 implies that there is a path P, in
Row(n:n+1) from 2} to w; of length 2k — 2. Let w” (resp. v;) be the adjacent vertex of w’ (resp. #;) in
Row(2) (resp. Row(n — 1)). Then (w,w") and (%}, 7{) are two healthy edges in the faulty Q’g. It is easy to
see that w” is even and ¢/ is odd. So {w”, v{} is odd. Combining this with the fact that Row(2:n — 1) and
Row(0:n — 3) are isomorphic, Lemma 3.3 implies that there is a path P; in Row(2:n — 1) from w” to v} of
length (n — 2)k — 1. Let v” (resp. w}) be the adjacent vertex of v’ (resp. w} ) in Row(k — 1) (resp. Row(n + 2)).
Then (W}, w}) and (¢, ¢") are two healthy edges in the faulty Q’z‘. It is easy to see that v” is even and wf is odd.
So {v”, w{}is odd. Combining this with the fact that Row(n + 2:k — 1) and Row(0:k — n — 3) are isomorphic,
Lemma 3.3 implies that there is a path P4 in Row(n + 2:k — 1) from v" to w/ of length (k — n — 2)k — 1. So
P1 UP, UP3 UP, +{(W, W), (v}, v]), Wy, wy), (¢, 0")} is a cycle of length l with
I=(2k—2)+(2k —2)+(n—2)k —1+(k—n—2)k—1+4=k*> - 2=k> — 2max{f,1, f,o} in the faulty Q%. As
we have discussed all possible cases, the proof is complete. O

According to Theorem 1, the following three lemmas hold.

Lemma 3.5 [7]. Given an even k > 4, let s and t be any two distinct healthy vertices of Q’2< with one faulty edge. Then there is a
path in the faulty Q’z‘ from s to t of length k? — 1 if {s,t} is odd.

Lemma 3.6 [7]. Given an even k > 4, let s and t be any two distinct healthy vertices of Q’z‘ with two faulty edges. Then there is a
path in the faulty Q’z‘ from s to t of length k? — 1 if {s,t} is odd.

Lemma 3.7 [7]. Given an even k > 4, let s and t be any two distinct healthy vertices of Q’Z‘ with one faulty edge and one faulty
vertex. Then there is a path in the faulty QX from s to t of length at least k* — 3 if {s,t} is odd.

Note that the Q’Z‘ with at most two faults is not empty and every pair of adjacent vertices have different parities when k is
even. When f,=0and f, =1 or f, = 2, it follows from Lemmas 3.5 and 3.6 that each healthy edge of the faulty Q¥ lies on a cycle
of length k? = k? — 2max{f,1,f,»}. When f,= 1 and f, = 1, it follows from Lemma 3.7 that each healthy edge of the faulty Q¥ lies
on a cycle of length k? — 2 = k? — 2max{f,1,f.z}. Combining these with Theorem 3.1, it can be seen that the following theorem
holds.

Theorem 3.2. Let k > 4 be even, and let f, be the number of faulty vertices and f, be the number of faulty edges in (2’2< with
0 < fy +f. < 2. Then there is a cycle of length k? — 2max{f,1.f,2} in the faulty Q’z‘, where f,; (resp. f,2) is the number of faulty vertices
which are even (resp. odd) and f,; + fy,2 = fy.

This result is optimal. The reasons are as follows. (1) Suppose that Q’; contains no faulty vertices or two faulty vertices
with different parities. Then the cycle of length k?* — 2max{fy1,f.2} is a hamiltonian cycle of the faulty Q’;. (2) Suppose that
Q’z‘ contains exactly one faulty vertex. Recall that a Q’g with even k > 4 is actually a bigraph. As there is no cycle of odd length,
the length k? — 2max{f,;,f,»} of the cycle cannot be improved. (3) Suppose that Q’2< contains two faulty vertices with the same

Fig. 1. The Q‘z' with two faulty vertices v and 2.
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parities. Similarly, there is no cycle of odd length in the faulty Q‘;. In addition, it is not difficult to see that the Q3 with two
faulty vertices 70 and 7 has no cycle of length k* — 2 = 14 (See Fig. 1). Therefore, the length k* — 4 = k* — 2max({f,1,f.»} of
the cycle cannot be improved.

4. Conclusions

In this paper, we investigate the problem of embedding long cycles in k-ary 2-cubes with f, faulty vertices and f, faulty
edges, where k > 4 is even and 0 < f, + f. < 2. It is proved that there is a cycle of length k* — 2max{f,1,f.2} in the faulty k-ary
2-cube where f;; (resp. f,») is the number of faulty vertices which are even (resp. odd). Our result improves the result in the
case when n = 2 given by Stewart and Xiang [7]. A generalization would lead to looking for the long cycles in the faulty k-ary
n-cubes with n > 3 and even k > 4.
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