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Abstract For categorical data, there are three widely-used internal validity func-
tions: the k-modes objective function, the category utility function and the information
entropy function, which are defined based on within-cluster information only. Many
clustering algorithms have been developed to use them as objective functions and find
their optimal solutions. In this paper, we study the generalization, effectiveness and
normalization of the three validity functions from a solution-space perspective. First,
we present a generalized validity function for categorical data. Based on it, we analyze
the generality and difference of the three validity functions in the solution space. Fur-
thermore, we address the problem whether the between-cluster information is ignored
when these validity functions are used to evaluate clustering results. To the end, we
analyze the upper and lower bounds of the three validity functions for a given data
set, which can help us estimate the clustering difficulty on a data set and compare the
performance of a clustering algorithm on different data sets.
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1 Introduction

Clustering is an unsupervised classification technique that is used to group a set of unla-
beled objects into clusters so that the objects in the same cluster have high similarity
but are very dissimilar with objects in other clusters. Many types of clustering algo-
rithms have been developed in the literature (e.g., Jain and Dubes 1988 and references
therein), which have extensive applications in various domains, including information
retrieval, image processing and biological engineering.

Cluster validation is an important part of cluster analysis (Jain and Dubes 1988). For
a data set, there are a number of possible partitions. This has led to the use of cluster
validity functions to evaluate the quality of the partitions and select the one that best fits
the data to be as the final clustering result. Generally speaking, there are two types of
cluster validation techniques, i.e., external and internal validity functions (Halkidi et al.
2001; Halkidi and Vazirgiannis 2001; Zhao and Karypis 2004; Steinbach et al. 2000).
Their difference is whether or not the external information (class labels) is used (Xiong
etal. 2009). External validity functions are mainly to compare or measure the similarity
between two clustering results. People often use them to measure the clustering output
with the “true” partition determined by the class label information. Internal validity
functions (Liu et al. 2010, 2013) are mainly to evaluate the quality of the internal
structure of a partition without external information. Internal validity functions can be
further divided into two types. The one does not participate in clustering process but
is used to evaluate clustering results and determine the parameters, e.g., the number
of clusters k. The other can be as objective functions and help users find out the best
clustering result in clustering process. The focus of this paper will be on the second
type.

In the literature (e.g., Dunn 1973; Berry and Linoff 1996; Xiong et al. 2009; Wu
et al. 2010; Yu 2005 and references therein), there have been considerable research
efforts on studying the cluster validity functions for numerical data. However, further
investigation is needed to develop validity functions for clustering categorical data,
where records are made up of nonnumerical data, since this task is of great practical
relevance in several fields ranging from statistics to psychology (Aggarwal et al. 2002;
Barbara and Jajodia 2002; Baxevanis and Ouellette 2001; Gowda and Diday 1991;
Wrigley 1985). Due to the lack of intuitive geometric properties between categorical
values, the techniques used in cluster validation for numerical data are not suitable
for categorical data (Huang 1997; Chen et al. 2008; Chen and Liu 2005, 2009). For
categorical data, there are three well-known internal validity functions: the k-modes
objective function (Huang 1997), the category utility function (Gluck and Corter 1985)
and the information entropy function (Barbara et al. 2002). Many algorithms have been
developed to use these validity functions as objective functions and find their (local)
optimal solutions. The brief reviews of these functions and relevant algorithms can be
found in Sect. 2. While the above functions are used to evaluate the clustering results,
the three issues are needed to discuss:

(1) How do we discover generality and difference of these validity functions? The

different validity functions are often defined based on the different assumptions.
Thus, these validity functions for a given clustering result maybe have the same
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or different evaluation results. Therefore, we need to analyze the generality and
difference of these validity functions. The obtained difference can help users
select the most suitable function for cluster analysis. The obtained generality
can promote the mutual learning of clustering algorithms with different objective
functions.

(2) Is the between-cluster information ignored when these validity functions are used
to evaluate clustering results? A good cluster result should have high within-
cluster similarity and low between-cluster similarity. However, the three validity
functions are based on the within-cluster information only. Therefore, we need to
discuss the relation between the within-cluster and between-cluster information
in using these validity functions to evaluate the clustering results.

(3) How dowe normalize these validity functions for a given data set? There should be
two application scenarios of the validity functions, which was introduced by Luo et
al. (2009). First, the validity functions can be used to compare the performances
of different clustering algorithms in a given data set. In this case, the validity
functions mainly help users select the one that best fits the data set from a large
number of clustering algorithms. Second, the validity functions can be used to
compare the performances of a specific clustering algorithm in different data sets.
In this case, the validity functions mainly help a specific clustering algorithm find
out the data sets that fit it. For example, in order to analyze the effects of the data
characteristics (e.g., the dimensionality, scalability and distribution of the data) on
the performance of a clustering algorithm, we often sample several data sets with
different characteristics to respectively cluster each data set and compare their
clustering results. However, different data characteristics often lead to different
clustering difficulty. The larger the clustering difficulty on the data set is, the
more possible it is that a clustering algorithm produces a clustering result with
the poorer values of the validity functions. When comparing the performance of
a clustering algorithm on different data sets, if we judge its effectiveness by only
the values of the validity functions, the evaluation may be biased. Therefore, we
need the normalization of the validity functions to obtain the relative position
of each validity function value between the minimal and maximal values while
a data set is provided. However, a critical challenge for the normalization is to
obtain the ranges of the optimal solutions of the validity functions for a given data
set, since the minimization or maximization of these functions in the relevant
constraints is a class of nonconvex optimization problems whose solutions are
unknown.

Therefore, we will address the three issues from a solution-space perspective. The
major contributions are as follows:

(1) A generalized validity function is presented for evaluating the clustering results of
categorical data. Furthermore, we apply the generalized validity function to ana-
lyze the generality and difference of the k-modes objective function, the category
utility function and the information entropy function in the solution space.

(2) Due to the fact that the three existing validity functions are only based on the
within-cluster information, a theoretical analysis is provided to answer whether
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these validity functions can effectively evaluate the clustering results by using the
within-cluster information only.

(3) A theoretical method is provided to obtain the upper and lower bounds of the three
validity functions for a given data set. Furthermore, we present a normalization
method based on the obtained bounds to reduce the effects of data characteristics
on the performance of the clustering algorithm.

The organization of this paper is as follows: In Sect. 2, we review the notations of
categorical data and the three cluster validity functions. Section 3 introduces a gen-
eralized validity function and discusses the relations of the three functions. Section 4
shows the effectiveness of the within-cluster information in evaluating the cluster-
ing results. In Sect. 5, we discuss the normalization issue for the validity functions.
In Sect. 6, the experimental results illustrate the effectiveness of the above analysis.
Finally, concluding remarks are given in Sect. 7.

2 Preliminaries

In this section, we will firstly introduce the notations of categorical data and then
review the three widely-used validity functions for categorical data.

2.1 Categorical data

Huang (1997) provided the notations of categorical data which were introduced as
follows: Let U = {x1, X2, ..., X, } beasetof n objectsand A = {aj,az,...,an}bea
set of m attributes which are used to describe U. Each attribute a; describes a domain
of values, denoted by Dy, associated with a defined semantic and a data type. Here,
only consider two general data types, numerical and categorical, and assume other
types used in database systems can be mapped to one of these two types. The domains
of attributes associated with these two types are called numerical and categorical,
respectively. A numerical domain consists of real numbers. A domain Dy, is defined
as categorical if it is finite and unordered, i.e., Daj = {aj.l), a(z)’ e, a;nj)} where 7
is the number of categories of attribute a; for 1 < j <m.Forany 1 < p < g < nj,
either ajp) = a@ or a;p) * ajq). For 1 <i < n, an objectx; € U is represented as a
vector [x;1, X;2, . .., Xim], where x;; € Da/., for 1 < j < m. If each attribute in A is
categorical, U is called a categorical data set.

2.2 Cluster validity functions

(1) The k-modes objective function was proposed by Huang (1997) which is an exten-
sion of the k-means objective function (MacQueen 1967) by using a simple matching
dissimilarity measure for categorical objects, modes instead of means for clusters.
The objective function attempts to minimize the dispersion of objects from the center
in each cluster. The k-modes algorithm begins with an initial set of cluster centers
and uses the alternating minimization method to obtain a local minimal solution for
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the objective function. Several modified k-modes algorithms have been developed in
the literature (Huang and Ng 1999; He et al. 2005; San et al. 2004; Ng et al. 2007;
Huang et al. 2005; Bai et al. 2011, 2013). The k-modes objective function is defined
as follows (Huang 1997):

k n
F(W,2)=>"> wid(z,x) ()
I=1 i=1
subject to
wy; € {0, 1}, I<l<k1=<ic<n,
S wi =1, 1<iz<n, )
0<>! jwi<n, 1=<I<k,
where

e 1 is the number of objects in U, k(< n) is a known number of clusters;

e W = [wy;] is a k-by-n {0, 1} matrix, wy; indicates whether x; belongs to the /th
cluster, w;; = 1 if x; belongs to the /th cluster and 0 otherwise;

o Z ={z1,23,...,2t} € R, where R = Dy, X Dy, X --- x D, and z; = [z,
212, - - - » ZIm] 18 the [th cluster prototype with categorical attributes ay, a, . .., an;

e d(z;,X;) is the simple matching dissimilarity measure between object x; and the
prototype z; of the /th cluster which is defined as

d(z, %) = D 8z, xij), 3)

j=1
where

L,z # xij,

8(zj, xij) = {O 4

2j = Xij.

(2) The category utility function was introduced by Gluck and Corter (1985), which
attempts to maximize the probability that two data objects in the same cluster obtain
the same attribute values. This function has been applied in Cobweb (Fisher 1987),
a tool for incremental clustering with categorical features, and related systems. In
addition, the original framework has been expanded to both nonincremental clustering
and mixed scale data. For instance, Mirkin (2001) provided extensions of the scoring
function to situations with differently standardized and mixed scale data. CU is shown
in the following equation (Gluck and Corter 1985):

CUW) = Z| llzi[ ( (q)lq) _P<a§q))2:|’ 5

Jj=1g=1
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subject to the same conditions as those in (2), where P(aﬁq) lc)) = %, lcijigl =
(q)

@ laj 1 (@) @

" wwi s lal = 2w, Pa”) = ~=, la"] = l{xilxi; = a;”,

i=l,xjj=a
x; € U}| and ¢ is the lth cluster.

(3) The information entropy function E;,, was proposed (Barbara et al. 2002),
which uses the information-theoretic principles and the notion of entropy to measure
the clustering results. The basic intuition is that groups of similar objects have lower
entropy than those of dissimilar ones. Several algorithms have been developed (Andrit-
sos et al. 2004; Barbara et al. 2002; Chen and Liu 2005, 2009), which are aimed at
finding the optimal data partition that minimizes the information entropy function.
Besides, Li et al. (2004) introduced the relations of the information entropy function,
probabilistic mixture models and dissimilarity coefficients. The information entropy
function is defined as follows (Barbara et al. 2002):

Etog(W) = Zm&)ZP( @ler)10g P (a”lcr) (©)

j=lg=1

subject to the same conditions as those in (2).

3 The generalization issue
3.1 The generalized validity function

Before discussing generalization of the validity functions for categorical data, we intro-
duce a set of variables V = [ (q)] that is a three-dimensional (k X m X max'! T )

array. vl(q) is the representability of the gth categorical value of the jth attribute in the

@ is. the more repre-

sentability the categorical value a(q) has in the /th cluster. We constrain Z / LV l(jq) =1

and 0 < v(]

[thcluster,for1 </ <k, 1<j<m,1 <q=<n;j. Thelargerv

<11 < q < ny) for each attribute a;(1 < j < m). For each cluster

(1 <1 <k),weuse v, = {v1, v, ..., Vn}, where v = {v(l), l(jz),... ("’)} to

summarize and characterize the /th cluster. For a categorical data set, Visa clustermg
model which can be used to predict the likelihood of an unseen object being a cluster
member. If V has good predictive ability, it is thought to be good.

A clustering result should be composed of two parts: W (which is defined in (2))
and V. While analyzing the effectiveness of a clustering result, we need to evaluate not
only the effectiveness of W but also that of V. Therefore, we will define a generalized
validity function F,(W, V') whose values depend on the two set of variables W and
V. The function Fg (W, V) should have the following properties:

e Given V, a good W should be possible to make objects within clusters have very
high similarity.
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Fig. 1 An example of an 50
attribute distribution in the
cluster, where each bar
corresponds to each categorical
value

Frequency

The category of attribute aJ.

e Given W, a good V should be possible to objectively reflect the characteristics of
each cluster.

Using the function F, (W, V) to find the best clustering result on a data set is like a
dynamic game between W and V. The game scenario is described as follows: When V
is given, it is wished that W can make each object belong to a cluster whose v; has the
best representative to the object. That can enhance the purity within clusters. When
W is given, V should not blindly overestimate the purity within clusters but stimulate
more categorical values to contribute to the identification of clusters and effectively
avoid losing information. Let us consider the following example to demonstrate the
problem. We suppose that there is a categorical attribute a; which has four categorical
values: ‘A’, ‘B’, ‘C’ and ‘D’, and a cluster ¢; which contains 40 ‘A’, 35 ‘B’, 20 ‘C’ and
5 ‘D’ in attribute a ;. Figure 1 shows the categorical attribute distribution in cluster ¢;.
If we only select ‘A’ from the attribute domain to represent cluster ¢;, other 60 %
categorical values will be ignored. Therefore, we should use more categorical values
to identify the cluster.

The generalized validity function and optimization problem can be written as fol-
lows:

min Fy (W, V)_chz(x,,q)+TZ|c,|ZZ(v,<j’”) )

=1 x;€c] j=1g=1

subject to

k
Wii € {07 1}7 Z wii = 1? 1 < Z;lzl wy < n,
=1 (®)

oyl elonl, Zilul =1,
where T (> 0) is a parameter and d,(x;, ¢;) is a dissimilarity measure between the
object x; and the /th cluster ¢; defined as follows:
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m
dg(Xi, c1) = D ¢ (X, 1) ©
j=I
with
o) =1—v" =a”, 1<r<n; 10
ba; (Xi, c1) = vy lfxlj—aj , <r =<nj. (10)

(r) s

Here, ¢, (xi, ¢;) depends on v(r) which is the representability of a; in the /th cluster.

The larger vl(;) is, the more representablhty a;r) has in the /th cluster, the smaller the
dissimilarity between x; and ¢; in the attribute a; is. When the representability of a;.r)
is 1, ¢q; (X, c1) = 0.

In the generalized validity function (7), 25;1 > dg(x;, c7) is the sum of the

within-cluster dispersions that we want to minimize. 7 Zle ler] 2274 z;’: ! vl(/q)

X; €C]

is used to stimulate more categorical values to contribute to the identification of clus-
ters. In the following, we will analyze how the second term in (7) works. Let

m
r= TZICIIZZ ()
j=lg=1
which are nonnegative and independent. Given W, minimizing (maximizing) the quan-

tity is equivalent to minimizing (maximizing) each inner sum. We write the /, jth inner
sum (1 <l <kand1 < j <m)as

=l 3 (o) an
g=1

Since v;; is a strictly convex function, the K-K-T necessary optimality condition is
also sufficient. Thus, 9;; is an optimal solution of min 1/;; subject to Z g=1 vl(]q) —-1=0
if and only if there is some A together with 9;; satisfying the following system of
equations:

vyleZ(U[j, )L) = O

Zv(q) 0. (12)

where
nj
G, ) =ler] D (vl(jq)) + 2 Zv(") . (13)
g=1
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Note that

=2|cl|(v}j))+/\,15q5nj. (14)

From (12) and (14), we obtain that

. 1
vl(jq)—n—, 1 <q=<n;. (15)

J
The above analysis shows that, when vl(;])
its minimum value given by

are the same for 1 < g <n j» Y1; achieves

min Z (Ul(jq))

We also know that

@y < @ i

q q _
> = (> =1
g=1 g=1

If only one of the v(q)

1e.

for 1 < g < n; is nonzero, ¥;; achieves the maximum value,

max Z (Ul(]q))

Note that the smaller Z ( (Q)) is, the more categories the weights are assigned

to. While giving W, we w1sh to minimize I" to make more categorical values identify
clusters.
nij
Therefore, the two terms 25(:1 D xice dg(xi, c) and TZZ e 27 2

(vl(jq)) are integrated to the generalized validity function so that we can 51multa-

neously minimize the within cluster dispersion and stimulate more categorical values
to contribute to the identification of clusters.

The parameter 7 is used to balance which part plays a more important role in the
minimization process of (7). The larger T is, the more the last term contributes in the
optimization process and the smoother or fuzzier of the resulting V is. However, the
values of T should not be too large. The reason is that when 7 is very large so that
each element in vy, iscloseto 1/n j- Next, we will discuss how to set the parameter 7.
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Let

nj D)
oy = > legl (1= v0") + Tle |Z (+1)
q=1

forl <l <k,1 <j<m. Then
k m
Fo(W, V) = ZZﬂU. (16)
I=1 j=1
Thus, given W = W, minimizing the function is equivalent to minimizing each ;.

Since 1 is a strictly convex function, the well-known K—-K-T necessary optimization
condition is also sufficient. Therefore, ¥;; is an optimal solution if and only if there

exists A together with 9;; satisfying the following system of equations:

Vv,jl§1 jij, &) =0,

ZU(Q) (17)

where
nj nj
i 2 = D el (1= vi®) + et D (o) + 2 Zv(‘” - as)
qg=1 qg=1
We have

301 (vij, X

L =2T|alv)) = lejrl + 4.1 < q <nj. (19)
vy

From (17) and (19), we obtain that F, is minimized iff

r)y _ L |Cljr| 2T —1

v = 20
U 721 ¢ 2Tn; (20)
forl </ <k,1<j<m,1=<r<n,j.
According to (20), we can rewrite
o =1 (W') —altitl i, @
/ |ci |ci ]

where a = 2T and b = 2T . We can see that v ) is linear related to I‘cz,,ll If the

relative frequency of a categoncal value in a cluster is large its representability in the
cluster is high. Here, @ and b are constants when given 7. While setting 7 = 1/2,
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(r) |Cljr|
v , 22
U al 22

which reduces the effect of a and b.

3.2 The relation of the validity functions
We know

in Fo(W, V) = minmin Fo(W, V) = minmin F,(W, V). 23
min Fg( ) m‘}nmulln o ) mullnn%}n o ) (23)

Therefore, let Q(W) = arg m‘}n Fe(W,V) and G(W) = F,(W, Q(W)). The opti-

mization problem of the generalized validity function can be rewritten as follows:

min Fg(W. V) = min G(W). 24)

While obtaining Q (W) according to (22) and plug it into Fg(W, V), we have

k m nj 2
G(W) = mvin Z Z Z Icijq] ( vl(]q)) Z ler Z Z (v[(jq))

I=1 j=1g=1 i=1g=1
m n;
_ZZZMM( lcl”") ZI 1|ZZ(|T]“’|)
I=1 j=1g=1 it |
m m nj |Cl | m nj |Cl'| 2
S5 S -SeS S () S S E (5)
=1 j=1g¢=1 j=1g=1 =1 j=1g=1 <l
m nj )
XD » AT

=1g=1

According to (5), we rewrite the category utility function as follows:

CUW) = Z| 1|ZZ('C|ZT') P, (26)

where

m

ZZZ ( (q))

lljlql

Given a data set U, P is a constant, which means that maximizing CU is equal to
maximizing the first term.
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From (25) and (26), we obtain
min Fy (W, V) = mn - g (CU(W) + P). 27)

Remark Equation (27) tells us that when setting T = 1/2, minimizing Fg(W, V) is
equivalent to maximizing CU (W).

Next, we will discuss the relation between the generalized validity function and the
information entropy function. Liang et al. (2002) applied the complementary entropy
to measure the uncertainty of information tables and showed the equivalence of the
complementary entropy and the Shannon entropy. Thus, we will replace the Shan-
non entropy with the complementary entropy. The information entropy function is
redefined as follows:

E.(W) = Z|cz|22 'T’CJT' ( '%’T') (28)

j=1q=1

We have

. 2
E(W)—mn—ZlcﬂZZ(lTlcle') . (29)

j=1g=1
From (25) and (29), we obtain
. 1 1
m‘}n Fo(W, V) = EEC(W) + Emn 30)
Remark Equations(27) and (30) tell us that when setting 7 = 1/2, minimizing
Fq(W, V) is equivalent to maximizing CU (W) and minimizing E.(W).

(9)

Whllewerestrlctv € {0,1}forl <! <k, 1 <j<ml=<gq=<nj

ZZ’ ! (vl(]q)) is equal to 1. Thus, the generalized validity function becomes

kK m
1
UATES 331 ) ezl (1= vif”) + 3lei
=1 j=1|] g=1

= 1
Z 1l = leijel) + mn. (31)

I
M»

~

1

—

~.

where 1 <r < nj.
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According to (31), we know that given W = W, F is minimized iff

nj
@ _ L ICzjr|=r;13§Iczjq|,

o? = (32)

0, otherwise.

forl <l <k, 1<j<m1=<r=<nj.

When V is computed by (32), we find that for each attribute, only one categorical
value with the relatively maximum frequency has the representability in the cluster.
This means that (32) is equivalent to the technique for computing cluster representa-
tives in the original k-modes algorithm. The dissimilarity measure d, is equivalent to
the simple matching dissimilarity measure, i.e.,

dg(Xi, c1) = d(xi, 7). (33)

Remark 1If vl(jq) e {0,1}forl <l <k, 1 <j<m,1<gq < nj, the generalized
validity function is equivalent to the k-modes objective function, i.e.,

1
m‘;n Fo(W, V) = mZin FW,Z)+ Emn (34)
Thus, we have
. . 1
m‘}n Fe(W, V) < mZm FW,Z)+ Emn 35)

This indicates that if we assume that the optimal solution of F, is the best clustering
result, the optimal solution obtained by the k-modes algorithm can not guarantee to
be the best clustering result.

By the above analysis, we know that while setting 7 = 1/2 for F,, the relations
can be obtained as follow:

G(W) = min Fy(W. V) = mn ~ g (CU(W) + P)
1 1 1
= SEc(W) + mn < min F(W. Z) + Smn. (36)

Equation (36) tells us that the category utility function is equivalent to the information
entropy function in evaluating the clustering results, and the obtained optimal solution
of the k-modes objective function on a data set is the upper bound of the optimal
solution of the category utility function.

4 The effectiveness issue

Generally speaking, a good clustering result should have the following two character-
istics:
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e The within-cluster similarity is high.
e The between-cluster similarity is low.

However, the k-modes objective function, the category utility function and the infor-
mation entropy function are based on the within-cluster information only, which are
used to measure the within-cluster compactness. The between-cluster information,
i.e., the between-cluster separation, is not considered. Therefore, we need analyze the
effectiveness of these validity functions and address whether only using the within-
cluster information can effectively evaluate the clustering results. In 1973, Duda and
Hart (1973) showed that the total covariance matrix S7(which is fixed given the data)
is a combination of the within class covariance matrix Sy and the between class
covariance matrix Spg, i.e.,

St = Sw + Ss, 37

where S = 3 (% — X' — %), Sw o= X Dy (X — a) (i — ap),
SB = Zf:l |C[|(a] — i)/(al — )_(), X = Zi:l X,'/n and a = ineq Xi/|C]|. The
conclusion (37) is mainly aimed at the numerical data clustering. Besides, in (37), the
between class covariance matrix Sp does not directly measure the difference between
any two clusters but measure the difference between each cluster center and the center
of the data set. The tr (Sp) value dose not increase as the dissimilarity between clusters
increases. Thus, Sp can not effectively reflect the difference between the distributions
of any two clusters.

Next, we will analyze the effectiveness of the k-modes objective function, the
category utility function and the information entropy function, and discuss the relation
between them and the between-cluster information. According to Sect. 3, we have
known the relation of the three validity functions. Thus, we will use the function
G(W)(T = 1/2) instead of them in the analysis below.

We have the sum of all pairwise dissimilarity of data objects in a data set X as
follows:

D (X) = D> d(xi.x;)

i=1 j=1
k

=22 2 dxx)+2 > D> > dxix)),
I=1 X;€c; Xj€c; I1<l<h=<kXi€c| X €y

where the function d is the simple matching dissimilarity measure mentioned in Sect. 2.
We know that TD (X) is a constant for a given data set.
We have

D2 dxix) = D0 > D> i)

X;€c] XjEC] X;€c; Xjec; p=1

= Z 2. 2 80uip, xjp)

p=1X;i€ci Xj€EC
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m
ZZ leipg| (Ie1] = leipg )

p=1g=1

m np

mlci> = D> leipgl*.

p=1g=1

From (38), we know that

GW) =~ Z ZZd(X,,X,)—i— —mn.

x‘ ecrXjeq

Furthermore, we can show that

230 > dxix) =20 DD 8ip. xjp)

X;€c; XjEC) X;€c; Xjecy p=1

= 22 Z Z 8(Xips Xjp)

p=1X;€ciXjecy

m nj
= 222 |cipg| (Ien] = lenpg)

p=lg=1

m
= 2mlcyllcn| — 222 lCipg|Ichpq]

p=1g=1

S~ - leipg
=lallent {m =2 2,5 T
lci

p=lg=1

< [enpg I
+lallenl {m =D >
lenl

p=lqg=1

+|Cl||Ch|ZZ| wal” | mmzz

=1¢g=1

p=1g=1

ng
-2 Z Z |Clpq | |Chpq|

p=lg=1

(38)

(39)

|Chpq|

- % > d(x,,x,)+M > D dxix))

X; €Cl XjEC] X; ECp X/ ECp

m ng
|Clsq | |Chsq |
+|Cl||ch|ZZ( -

= \lal ol
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According to (39) and (40), we have

ng
TD(X) =nG(W) — - + S(W), 41)

where

m ng 2
S(W) = Z |cll|ch|zz(|01sq| _ |Chsq|) . (42)

I<l<h<k g |ei lcnl

From the above equations, we can see that G(W) is inversely proportional to S(W).
Next, we will analyze whether S(W) contains the between-cluster information.
According to (22), we can rewrite S(W) as follows.

swov= X alled 3D (o - ) 43)

1<l<h<k s=1g=1

subject to the same conditions as those in (8). In this equation, we can see that

PILED I (n? - v,(f;))2 takes use of the difference between the clustering models
of clusters ¢; and ¢y, to reflect the between-cluster separation. For the two clusters, the
closer the representability of each categorical value in ¢; is to that in ¢j, the larger the
similarity between ¢; and ¢y, is. |¢;||cp| is the weight of the two-clusters separation.
Let us consider the following example to demonstrate how the function S reflects the
between-cluster separation. Assume that there are three clusters (c1, ¢z and ¢3) and
an attribute “color’(including three categorical values: ‘Red’, ‘Yellow’ and ‘Blue’).
Table 1 shows the representability of these categorical values in different clusters.
According to Table 1, we can see that the representability of the categorical values in
c1 is very close to ¢y, compared to that in c3. Thus, in terms of the attribute “color”,
the similarity between ¢ and ¢ is higher than ¢, and c3.

According to the above analysis, we see that the function § can effectively reflect
the difference between clusters. For a clustering result, the larger its function S value
is, the larger its between-cluster separation is. According to (41), we also know that
minimizing G(W) is equivalent to maximizing S(W), due to the fact that 7 D(X)
is a constant for a given data set. This tells us that while using the function G to
obtain a clustering result with the high within-cluster similarity, we don’t ignore the
between-cluster separation. The obtained result has both high within-cluster similarity
and between-cluster dissimilarity.

Table 1 The representability of

these categorical values in Red Yellow olue

different clusters el 0.7 0.1 0.2
13 0.75 0 0.25
c3 0.1 0.8 0.1
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q
The data set X G(MI/X ) |
min G (Wy) max G (Wy)
The data setY | ] J
min G (Wy) GWH max G (Wy)

Fig. 2 Comparing clusterings of different data sets

5 The normalization issue

According to Sect. 3, we have known the relation of the k-modes objective function,
category utility function and information entropy function. Therefore, we will make
use of the function G(W)(T = 1/2) to discuss the normalization issue of the three
validity functions. Different data sets have different data characteristics, and thus
have different clustering difficulties. In general, while we select a validity function to
evaluate a clustering result, the more it is difficult in clustering the data set, the more
it is possible that a clustering algorithm generates a clustering result with a bad value.
If we judge its effectiveness by only the value of the validity function, the evaluation
may be biased. Let us consider the following example to demonstrate the problem. We
suppose that there are two data sets: X and Y. A specifical algorithm is used to cluster
X and Y and obtain the clustering results W;ﬁ and W;, respectively. minG(Wy) and
max G(Wy) are the minimum and maximum values of the validity function G on the
data set X. minG(Wy) and maxG(Wy) are the minimum and maximum values of
the validity function G on the data set Y. According to Fig. 2, we see that G(W,q() is
equal to G(W)q,). However, this doesn’t illustrate that the specifical algorithm has the

G(W)—minG(Wy)
maxG(Wy)—minG (Wy)

same performance on the data sets X and Y. We can find that is

G(W{)—minG (Wy)
smalh?r than G Wy —minG Wy
on X is better than on Y.

Thus, normalization is critical when it is used to compare clusterings of differ-
ent data sets by a specific clustering algorithm. It represents the relative position
of the original function value between the minimal and maximal values. However,
the minimization and maximization of the function G in the constraints in (2) are
unknown. Therefore, we will analyze the lower G(W) and upper G(W) bounds
of the function G and use them to compute NG (W), instead of the minimal and
maximal solutions of the function G(W). The normalized function G is defined as
follows:

This indicates that the performance of the algorithm

GW) -GW)

NG(W) = = .
) GW)—-GW)

(44)

In the following, we will introduce how to obtain the bounds of the function G for a
data set.
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5.1 The lower bound of the function G

Let S = [s;;] be a n by n matrix, where s;; = m — d(x;,x;) and H = [h;;] be an by
k matrix, where

1
ek X; €y,
hy =q Vialm 45)

0, otherwise.

We have
D D A& x)) = mlal = hySh.
| l| X;€C1 Xj€ec]

Thus,

G(W) = Z ZZd(x,,x])+ —mn

X,EL[ X;j€c]
1
= mn — 5 Zzzsijhilhjl
=1 i=1 j=I
1 /
=mn — Etr(H SH). (46)

According to (46), we know that minimizing G (W) becomes maximizing tr (H 'SH ).
If we relax the restriction that /;; must take discrete values, and allow the entries of
the matrix H to take arbitrary real values. Then the relaxed problem becomes:

max tr(H SH)
subject to
HH=1I
Leteig(S) = {A1(S), 22(S), . .., A, (S)} be the n eigenvalues of the matrix S. These
eigenvalues are assumed to be in decreasmg order, that is, A1(S) > A2(8) > -+ >

An(S) where A;(S) denotes the /th largest eigenvalue of S. Therefore, the optimal value
of the function G satisfies the lower bound

k
1
G(W) =nm — > EAI(S) < G(W). (47)

According to (36) and (47), we can directly obtain the lower bounds of the function
CU, E; and F by the value of G.
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Table 2 The data sets from UCI

Table 3 Notation for the
contingency table for comparing

two partitions

5.2 The upper bound of the function G

We can rewrite the function G as follows:

where

=1 j=1g=1

Jiig = lcijgl, 1 <1 <k,1<j<m,1=<q=<n;j,
, 1 <1l <k.

Data set Objects Attributes Classes
Soybean 47 35 4
Lung cancer 32 56 3
Zoo 101 16 7
Hepatitis 155 19 2
Heart disease 303 8 2
Voting 435 16 2
Credit approval 690 8 2
Dermatology 366 33 6
Breast cancer 699 9 2
Letters (E,F) 1,543 16 2
DNA 3,190 60 3
Mushroom 8,124 22 2
C\P P1 P2 Py Sums
¢ ni ni2 n b
) no nn) Ny by
Ck i1 ni2 n by
Sums dj dy d %
c fz
jq
G(W) = mn — —ZZZ (48)

According to (48), we know that maximizing G (W) becomes minimizing the second
term. If we relax the restriction that f;;, and y; must take discrete values, then the

relaxed problem becomes:

@ Springer
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Fig. 3 On the soybean data, a the k-modes objective function F values against the AR/ values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the NM [
values

subject to

Zf:lﬁjqzkl;q)'alf]Sm,lSan/’
szﬁjq_w:(),lflfk,lfjfm,

k
21:1 yi=n,

Jig=z 0,y >0,1<I<k,1<j<m1=<gq=<nj.

(50)

From (49) and (50), we know that the relaxed problem is an linearly constrained
convex programming problem. We can obtain the minimum solutions, f[ iq and y; for
1<l <k1=<j=<m1=<gq =<nj,by the existing optimization algorithms which
are available from the Matlab software package. Therefore, the value of the function
G satisfies the upper bound
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Fig. 4 On the lung cancer data, a the k-modes objective function F values against the AR values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

%)

f’” (51)

GW) < G(W)_mn——zzz

=1 j=1¢g=1

According to the relation of the functions CU, E. and G, we can directly obtain the
upper bound of CU and E, by the upper bound of the function G. However, since the
k-modes objective function F is not equivalent to the function G, we need to discuss
how to obtain the upper bound of the function F.

For the k-modes objective function F, we have

min F(W. Z) = ZZ (|cz| — max |c,]q|)

=1 j=1

=mn— Z Zmax [cijgl- (52)

111—1
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Fig. 5 On the zoo data, a the k-modes objective function F values against the AR values, b the negative
category utility function —CU values against the AR/ values, ¢ the k-modes objective function F values
against the N M I values, d the negative category utility function —CU values against the N M I values

According to (52), we know that maximizing minz F (W, Z) is equivalent to mini-
mizing ZI 1 Z —1 max. _1 |cijq]. Hence, we can transform the computation of the
upper bound of minz F (W Z) into solving the following problem:

m1nZZmax Jijq (53)

=1 j=1

subject to the same constraints in (50). Because of Z Jug 1forl <[ <kand

q=1 "y
1 < j < m, we know
nj N2 ) ,
Z(M) < i Jli0. (54)
a1 \ g=1 Y

Therefore, we have
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Fig. 6 On the hepatitis data, a the k-modes objective function F' values against the AR/ values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

k
< fqu

ZZZ

k m
Z Z max X fijq- (55)
=1 j=1g=1 =1 j=1
From (55), we see that the upper bound of the k-modes objective function can be
also obtained by using the minimum solution of the problem (49).

6 Experimental analysis

In this section, we will use 12 data sets from the UCI Machine Learning Repository
(UCT 2012) Kindly provide link (shown in Table 2). In our experiments, we apply the
k-modes algorithm for clustering the input data sets and set the number of clusters
k as the “true” cluster number for each given data set. Furthermore, we employ the
adjusted rand index (ARI) and the normalized mutual information (NMI) (Yang 2004)
to test the effectiveness of the above validity functions. Both ARI and NMI are external
validity functions which attempts to measure similarity between the clustering results
and the “true” partition determined by the class label information. Given a set U
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Fig. 7 On the heart disease data, a the k-modes objective function F' values against the AR values, b the
negative category utility function —CU values against the AR/ values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

of n data objects and two groupings (e.g. clusterings) of these objects, namely C =
{c1,¢c2,...,ckyand P = {p1, p2, ..., pk/}, the overlappings between C and P can be
summarized in a contingency table where n;; denotes the number of common objects
of groups ¢; and py;: nij = [c; N pyjl.

The adjusted rand index is defined as AdjustedIndex =
specifically,

Index—ExpectedIndex
MaxIndex—ExpectedIndex’

more

o W -[Z Gz G]/6)
[ <”t>+z<‘§>]—[ > ()2 ()] /6)

where n;;, b;, d; are values from the contingency table (Table 3). The normalized
mutual information is defined as

nijn
221—12—1 g hd
NMI =
d;
n

ZL log +Z =1~

log
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Fig.8 On the voting data, a the k-modes objective function F values against the AR/ values, b the negative
category utility function —CU values against the AR/ values, ¢ the k-modes objective function F values
against the N M [ values, d the negative category utility function —CU values against the N M [ values

Both ARI and NMI take the values within the interval [0,1]. The closer a clustering
result is to the “true” partition, the higher the ARI and NMI values are. The two
validity functions have been widely used to evaluate the performance of clustering
algorithms. For an internal validity function, we can not directly test its effectiveness
in evaluating the clustering results, due to its lack of the class label information. Thus,
we need to employ the external validity functions to indirectly test its effectiveness.
If the evaluation results of an internal validity function are close to those of ARI and
NMLI, it is thought to be effective in evaluating the clustering results. Therefore, we will
make use of the linear regression to analyze the correlations or consistencies between
the external and internal validity functions. The coefficient of determination R? is
employed to reflect the “goodness-of-fit” of linear regression. For a linear regression
fitting line about an internal validity function and an external validity function, the
larger the R? value is, the higher their correlation or consistency in evaluating clustering
results is, and the more the internal validity function can effectively evaluate clustering
results.
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Fig. 9 On the credit approval data, a the k-modes objective function F values against the AR values, b
the negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

6.1 The comparison of the validity functions

Due to the fact that the category utility function CU is equivalent to the information
entropy function Ej,g in evaluating clustering results, we only test the performance
of the k-modes objective function F and the category utility function CU. In the
experiment, we use the 12 data sets shown in Table 2 and compare the effectiveness
of these functions from the two aspects.

The one is to use the linear regression analysis to illustrate the performance of
these internal validity functions. We first employ the k-modes algorithm to randomly
produce the 100 clustering results on each given data set, respectively. Based on the 100
clustering results on each data set, we analyze the correlations between the external
validity functions (ARI and NMI) and the internal validity functions (¥ and CU).
Figures 3,4,5,6,7,8,9, 10, 11, 12, 13 and 14 illustrate the linear regression analysis
of ARI and F, ARI and —CU, NMI and F, NMI and —CU on each of the 12 data
sets, respectively. In these figures, we see that the values of F and —CU are inversely
proportional to those of ARI and NMI in these linear regression fitting lines. We also
observe that the R” values of F are always smaller than those of —CU on these data
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Fig. 10 On the dermatology data, a the k-modes objective function F' values against the AR/ values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

sets. This illustrates that the function CU has the more consistencies with the external
validity functions ART and NMI than the function F in evaluating the clustering results.
Besides, according to Fig. 13, we not only see that the R? values of F are smaller than
those of —CU on the DNA data set, but also observe that the correlations between
the internal and external validity functions are very weak on it. In the case, we cannot
determine which one of these internal validity functions is bad. We only conclude that
they may be not appropriate to find out the cluster structure of the true class labels on
the data set. The case is inevitable. Because the internal validity functions are defined
based on users’ subjective assumptions, and the “true” class labels of a data set are
obtained based on users experiences.

The other is to compare the effectiveness of clustering results produced by opti-
mizing the functions F and CU, respectively. The comparison is carried out on the
12 data sets. We employ the alternating optimization (AO) method to optimize the
functions F and CU. The AO method can obtain the local optimal solutions for an
optimization problem. It requires an initial solution to start and end up with different
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Fig. 11 On the breast cancer data, a the k-modes objective function F' values against the AR values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the NM [ values, d the negative category utility function —CU values against the N M [
values

finial solutions from different initial solutions in the process of solving an optimization
problem. Therefore, on each of the data sets, we randomly select 100 initial solutions
and carry out 100 runs of optimizing the functions F' and CU, respectively, by the AO
method. In each run, the same initial solution is used in optimizing both the functions.
Table 4 shows the average and maximum ARI and NMI values of the clustering results
produced by different objective functions on each of the 12 data sets. According to
the table, we see that the function CU are better than the function F in being as the
objective functions to cluster most of the data sets, except the zoo and credit approval
data sets. On the zoo data set, the function F is better than the function CU accord-
ing to the index values from Table 4. On the credit approval data set, the function
F is better in the average ARI and NMI values but less in the maximum ARI and
NMI values than the function CU. These indicate that any validity function is defined
based on certain assumptions which impossibly conform to characteristics of all the
data sets.
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Fig. 12 On the letters data, a the k-modes objective function F values against the AR/ values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M [ values, d the negative category utility function —CU values against the N M [
values

6.2 The effectiveness of the normalized validity functions

In the subsection, we test the effectiveness of the normalized function N G in evaluating
the clustering results from different data sets. The test is carried out on the 12 data sets
(shown in Table 2). On each of the data sets, we first use the k-modes algorithm to
randomly produce the 100 clustering results, and compute the values of the clustering
results for ARI, NMI and G. Furthermore, we use the following two methods to
compare the effectiveness of the clustering results from different data sets. The one is
to compute the average one of the 100 clustering results on each of the 12 data sets and
compare their effectiveness, which is denoted as AVG. Table 5 shows some external
and internal validity function values produced by the AVG method on the 12 data
sets. The other is to select the one with the minimum G value of the 100 clustering
results on each of the 12 data sets and compare their effectiveness, which is denoted
as MIN. Table 6 shows some external and internal validity function values produced
by the MIN method on the 12 data sets. In the following, we make use of the linear
regression and the coefficient of determination R? to analyze the correlations between
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Fig. 13 Onthe DNA data, a the k-modes objective function F values against the AR values, b the negative
category utility function —CU values against the AR/ values, ¢ the k-modes objective function F' values
against the N M I values, d the negative category utility function —CU values against the N M I values

the external (ARI and NMI) and internal (the original and normalized functions G)
measures based on the contents of Tables 4 and 5. For a normalization method, if the
normalized function N G enhances the correlation between the external measures and
the original function G, it is thought to be effective. Table 7 shows the lower and upper
bounds of the function G on the 12 data sets computed by our proposed method. In
the experiment, we not only test the changes of the correlations while the normalized
function NG is used, but also compare the effectiveness of the normalized function
NG with a traditional normalized function 7 NG often used in bioinformatics. The
function T NG is described as

G(W)

TNGW) = m,

where 2 is a set of the N clustering results on a data set.

Figure 15 shows the comparisons of the correlations between the external functions
(ARI and NMI) and the internal functions (G, TNG and NG) on the 12 data sets,
according to the content of Table 5. In Fig. 15b, e, we see that all the function TN G
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Fig. 14 On the mushroom data, a the k-modes objective function F values against the AR values, b the
negative category utility function —CU values against the AR values, ¢ the k-modes objective function
F values against the N M I values, d the negative category utility function —CU values against the N M [
values

values are equal to 1. This indicates that the function T NG can not compare the
effectiveness of the average clustering results from the different data sets. Therefore,
we also compare the correlations between the external functions (ARI and NMI)
and the internal functions (G, T NG and NG) on the 12 data sets, according to the
content of Table 6. The comparisons are shown in Fig. 16. According to the linear
regression fitting lines in Figs. 15 and 16 (except Fig. 15b, e) , we see that the values
of the function G , TNG and NG are inversely proportional to those of ARI and
NMI. Furthermore, we observe that the R? values of NG and TNG are larger than
those of G. This illustrates that the normalized functions NG and TN G enhance the
correlations between the external measures and the function G. We also see that the
R? values of NG are largest among those of G, TNG and N G. This shows that the
normalized function N G performs the original function G and the normalized function
T NG in comparing the effectivenss of the clustering results from the different data
sets.
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Table 4 The comparisons of optimizing the functions F' and CU on the 12 data sets
Data set\ index Internal function =~ Average ARl Maximum ARI ~ Average NMI  Maximum NMI
Soybean F 0.7088 1.0000 0.8188 1.0000
cU 0.7479 1.0000 0.8552 1.0000
Lung cancer F 0.0864 0.2537 0.1831 0.3942
cU 0.1024 0.2912 0.2050 0.4088
Zoo F 0.6312 0.9045 0.7509 0.8800
cU 0.5973 0.8674 0.7491 0.8735
Hepatitis F 0.1161 0.2250 0.1217 0.1744
cU 0.1772 0.2846 0.1851 0.2226
Heart disease F 0.2781 0.3869 0.2987 0.3181
cU 0.3779 0.4382 0.2987 0.3456
Voting F 0.5220 0.5368 0.4519 0.4866
cU 0.5673 0.5779 0.4842 0.4947
Credit approval  F 0.2102 0.4432 0.1858 0.3607
cU 0.1777 0.5036 0.1585 0.4259
Dermatology F 0.4505 0.6945 0.5703 0.7800
cU 0.6690 0.9531 0.8128 0.9461
Breast cancer F 0.5137 0.7967 0.4667 0.6881
cU 0.7952 0.7983 0.7220 0.7249
Letters(E,F) F 0.1624 0.3907 0.1320 0.3050
cU 0.3723 0.6869 0.3182 0.6152
DNA F 0.0172 0.0485 0.0339 0.0899
cU 0.4993 0.6431 0.4720 0.5895
Mushroom F 0.2526 0.6144 0.2449 0.5613
cU 0.4029 0.6229 0.3963 0.5837
3;'::5 z r;zigjlgi%fi‘\%"“ Dataset\index ARl ~ NMI G ING NG
method on the 12 data sets Soybean 0.7086 0.8184 957.4000  1.0000 0.1686
Lung cancer 0.1089 0.2126 1.2340e+03 1.0000 0.3437
Zoo 0.6318 0.7510 927.6500 1.0000 0.2439
Hepatitis 0.1110 0.1254 2.2300e+03 1.0000 0.4313
Heart disease 0.2776  0.2286 1729.8000  1.0000 0.4121
Voting 0.5366 0.4497 4.6953e+03 1.0000 0.1817
Credit approval  0.2232  0.1915 4.4246e+03 1.0000 0.4206
Dermatology 0.4507 0.5705 7.9727e+03 1.0000 0.3111
Breast cancer 0.5137 0.4667 4.9093e+03 1.0000 0.4124
Letters (E, F) 0.2467 0.2264 2.2240e+04 1.0000 0.5344
DNA 0.0170 0.0324 1.6529e+05 1.0000 0.6007
Mushroom 0.2526  0.2449 1.2991e+05 1.0000 0.2880
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I;':Les ‘;&i‘iggi‘?%:‘ﬁiﬁ"“ Dataset\index ARI NMI G TNG NG
method on the 12 data sets Soybean 1.0000  1.0000 938.9400  0.9807 0.0317
Lung cancer 0.1885 0.3544 1.2236e+03 0.9915 0.2233
Zoo 0.6440 0.8071 904.8600 0.9754  0.1600
Hepatitis 0.2285 0.1760 2.2188e+03 0.9950 0.3297
Heart disease 0.3788 0.2954 1.7151e+03 0.9915 0.3153
Voting 0.5181 0.4555 4.6905e+03 0.9990 0.1755
Credit approval  0.4432  0.3607 4.4129e+03 0.9974 0.3850
Dermatology 0.6945 0.7800 7.8548e+03 0.9852 0.1984
Breast cancer 0.7712  0.6534 4.8009¢+03 0.9779 0.1938
Letters (E, F) 0.1533  0.1253  2.2097e+04 0.9936 0.3597
DNA 0.0353  0.0521 1.6498e+05 0.9981 0.5043
Mushroom 0.6059 0.5465 1.2860e+05 0.9899 0.1255
gl‘;l::lg; (F}F }(l)ilil?:ri(;s d(:t;h:ets Data set\Bounds Lower bound G Upper bound G
Soybean 934.6659 1.0695e+03
Lung cancer 1.2042e+03 1.2910e+03
Zoo 861.3671 1.1332e+03
Hepatitis 2.1823e+03 2.2929e+03
Heart disease 1.6672e+03 1.8191e+03
Voting 4.5555e+03 5.3247e+03
Credit approval 4.2872e+03 4.6138e+03
Dermatology 7.6473e+03 8.6933e+03
Breast cancer 4.7048e+03 5.2007e+03
Letters (E, F) 2.1803e+04 2.2621e+04
DNA 1.6338e+05 1.6656e+05
Mushroom 1.2759e+05 1.3563e+05

6.3 The effect of the parameter 7' on the generalized function

In the subsection, we test the effect of the parameter 7 on the generalized function Fj.
The test is carried out on the soybean, zoo and voting data sets. We first employ the k-
modes algorithm to randomly produce the 100 different clustering results on each given
data set and compute the ARI and NMI values of each clustering result. Furthermore,
we select several values of the parameter 7. For each value of T, we compute the
function F, value of each clustering result, and analyze the correlations between its
values and the values of the ARI and NMI. Finally, we analyze how the parameter
T effects on the evaluation quality of the generalized function F, by observing the
effect of the parameter 7" on the correlations. According to Figs. 17, 18 and 19, we see
that if the parameter T value is less than a certain value, the changes of the R? values
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Fig. 15 Based on the AVG method, a the G values against the AR/ values, b the T NG values against the
ARI values, ¢ the NG values against the AR[ values, d the G values against the N M [ values, e the TNG
values against the N M [ values, f the NG values against the N M [ values

are not obvious as the 7" values increase. This illustrates that the generalized function
F are robust in evaluating the clustering results when the 7" value is small. However,
while the 7 value continue to grow, the R? values drop sharply. This indicates that
the representability of each categorical value to clusters can not be recognized when
the T value is very large. At this point, the generalized function F can not effectively
evaluate clustering results. From these figures, we also see that the effects of the
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Fig. 16 Based on the MIN method, a the G values against the AR/ values, b the 7 NG values against the
ARI values, ¢ the NG values against the AR/ values, d the G values against the NM [ values, e the TNG
values against the N M I values, f the NG values against the N M [ values

parameter 7' on the generalized function F, are different on different data sets. This
tells us that it is difficult to directly compute the best value of the parameter T for all the
data sets, since its effect on the generalized function F, depends on the characteristics
of a data set itself. Besides, we observe that the R? values of the generalized function
Fg with T > 0 are larger than those of the generalized function F, with T = 0. The
phenomenons are consistent with our conclusion in Sect. 3.
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7 Conclusions

Cluster validation is a critical problem in the clustering area. In this paper, we have
presented a generalized validity function for categorical data. Based on it, we have
discussed the relation of the three widely-used cluster validity functions: the k-modes
objective function, the category utility function and the information entropy function.
The analysis results tell us that the category utility function is equivalent to the infor-
mation entropy function in evaluating the clustering results, and the obtained optimal
solution of the k-modes objective function on a data set is the upper bound of the
optimal solution of the category utility function. Furthermore, we have discussed the
relation of the within-cluster and between-cluster information in using these valid-
ity functions to evaluate the clustering results. It has been shown that these validity
functions can effectively evaluate the clustering results by using the within-cluster
information only. Finally, we have highlighted the importance of normalization when
applying an internal validity function to compare the clustering results of different
data sets. Along this line, we have provided a theoretic analysis for the bounds of the
three validity functions. The experimental studies have illustrated that the normalized
validity functions have better performance than the original functions when comparing
clusterings of different data sets.

Acknowledgments The authors are very grateful to the editors and reviewers for their valuable com-
ments and suggestions. This work was supported by the National Natural Science Foundation of China
(Nos. 71031006, 61305073, 61432011), the National Key Basic Research and Development Program of
China (973) (No. 2013CB329404), the Foundation of Doctoral Program Research of Ministry of Education
of China (No. 20131401120001).

References

Aggarwal CC, Magdalena C, Yu PS (2002) Finding localized associations in market basket data. IEEE
Trans Knowl Data Eng 14(1):51-62

Andritsos P, Tsaparas P, Miller RJ, Sevcik KC (2004) Limbo: scalable clustering of categorical data. In:
Proceedings of the ninth international conference on extending database technology

Bai L, Liang JY, Dang CY, Cao FY (2011) A novel attribute weighting algorithm for clustering high-
dimensional categorical data. Pattern Recognit 44(12):2843-2861

Bai L, Liang JY, Dang CY (2013) The impact of cluster representatives on the convergence of the k-modes
type clustering. IEEE Trans Pattern Anal Mach Intell 35(6):1509-1522

Barbara D, Jajodia S (2002) Applications of data mining in computer security. Kluwer, Dordrecht

Barbara D, Li Y, Couto J (2002) Coolcat: an entropy-based algorithm for categorical clustering. In: Pro-
ceedings of the eleventh international conference on information and knowledge management, pp
582-589

Baxevanis A, Ouellette F (2001) Bioinformatics: a practical guide to the analysis of genes and proteins,
2nd edn. Wiley, New York

Berry MJA, Linoff G (1996) Data mining techniques for marketing. Sales and customer support. John Wiley
and Sons, New York

Chen HL, Chuang KT, Chen MS (2008) On data labeling for clustering categorical data. IEEE Trans Knowl
Data Eng 20(11):1458-1472

Chen K, Liu L (2005) The "best k” for entropy-based categorical clustering. In: Proceedings of international
conference on scientific and statistical database management (SSDBM), pp 253C-262C

Chen K, Liu L (2009) He-tree: a framework for detecting changes in clustering structure for categorical
data streams. VLDB J 18(5):1241-1260

Duda RO, Hart PE (1973) Pattern classification and scene analysis. Wiley, New York

@ Springer



Cluster validity functions for categorical data 1597

Dunn JC (1973) A fuzzy relative of the isodata process and its use in detecting compact well-separated
clusters. J Cybern 3:32-57

Fisher DH (1987) Knowledge acquisition via incremental conceptual clustering. Mach Learn 2(2):139-172

Gluck MA, Corter JE (1985) Information uncertainty and the utility. In: Proceedings of the seventh annual
conference of cognitive science society, pp 283-287

Gowda KC, Diday E (1991) Symbolic clustering using a new dissimilarity measure. Pattern Recognit
24(6):567-578

Halkidi M, Vazirgiannis M (2001) Clustering validity assessment: finding the optimal partitioning of a data
set. In: Proceedings of IEEE international conference on data mining (ICDM), pp 187-194

Halkidi M, Batistakis Y, Vazirgiannis M (2001) On clustering validation techniques. J Intell Inf Syst 17(2-3):
107-145

He Z, Deng S, Xu X (2005) Improving k-modes algorithm considering frequencies of attribute values in
mode. In: Proceedings of computational intelligence and security, pp 157-162

Huang ZX (1997) A fast clustering algorithm to cluster very large categorical data sets in data mining. In:
Proceedings of SIGMOD workshop research issues on data mining and knowledge discovery, pp 1-8

Huang ZX, Ng MK (1999) A fuzzy k-modes algorithm for clustering categorical data. IEEE Trans Fuzzy
Syst 7(4):446-452

Huang ZX, Ng MK, Rong H, Li Z (2005) Automated variable weighting in k-means type clustering. IEEE
Trans Fuzzy Syst 27(5):657-668

Jain AK, Dubes RC (1988) Algorithms for clustering data. Prentice Hall, Englewood Cliffs

Li T, Ma S, Ogihara M (2004) Entropy-based criterion in categorical clustering. In: Proceedings of inter-
national conference on machine learning (ICML), pp 536-543

Liang JY, Chin KS, Dang CY, Yam RCM (2002) A new method for measuring uncertainty and fuzziness
in rough set theory. Int J Gen Syst 31(4):331-342

Liu Y, Li Z, Xiong H, Gao X, Wu J (2010) Understanding of internal clustering validation measures. In:
The 10th IEEE international conference on data mining (ICDM), pp 911-916

Liu Y, Li Z, Xiong H, Gao X, Wu J, Wu S (2013) Understanding and enhancement of internal clustering
validation measure. IEEE Trans Syst Man Cybern B Cybern (TSMCB) 43(3):982-994

Luo P, Xiong H, Zhan GX, Wu JJ, Shi ZZ (2009) Information-theoretic distance measures for clustering
validation: generalization and normalization. IEEE Trans Knowl Data Eng 21(9):1949-1962

MacQueen JB (1967) Some methods for classification and analysis of multivariate observations. In: Pro-
ceedings of the fifth Berkeley symposium on mathematical statistics and probability. University of
California Press, Berkeley, pp 281-297

Mirkin B (2001) Reinterpreting the category utility function. Mach Learn 45(3):219-228

Ng MK, Li MJ, Huang ZX, He ZY (2007) On the impact of dissimilarity measure in k-modes clustering
algorithm. IEEE Trans Pattern Anal Mach Intell 29(3):503-507

San O, Huynh V, Nakamori Y (2004) An alternative extension of the k-means algorithm for clustering
categorical data. Pattern Recognit 14(2):241-247

Steinbach M, Karypis G, Kumar V (2000) A comparison of document clustering techniques. In: Proceedings
of workshop text mining, 6th ACMSIGKDD international conference on knowledge discovery and
data mining, pp 20-23

UCI (2012) UCI machine learning repository. http://www.ics.uci.edu/mlearn/MLRepository.html

Wrigley N (1985) Categorical data analysis for geographers and environmental scientists. Longman, London

Wau J, Yuan H, Chen G (2010) Validation of overlapping clustering: a random clustering perspective. Inf
Sci 180(22):4353-4369

Xiong H, WulJ, ChenJ (2009) K-means clustering versus validation measures: a data distribution perspective.
IEEE Trans Syst Man Cybern B Cybern 39(2):318-331

Yang YM (2004) An evaluation of statistical approaches to text categorization. J Inf Retr 1(1-2):67-88

Yu J (2005) General c-means clustering model. IEEE Trans Pattern Anal Mach Intell 27(8):1197-1211

Zhao Y, Karypis G (2004) Criterion functions for document clustering: experiments and analysis. Mach
Learn 55(3):311-331

@ Springer


http://www.ics.uci.edu/mlearn/MLRepository.html

	Cluster validity functions for categorical data:  a solution-space perspective
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Categorical data
	2.2 Cluster validity functions

	3 The generalization issue
	3.1 The generalized validity function
	3.2 The relation of the validity functions

	4 The effectiveness issue
	5 The normalization issue
	5.1 The lower bound of the function G
	5.2 The upper bound of the function G

	6 Experimental analysis
	6.1 The comparison of the validity functions
	6.2 The effectiveness of the normalized validity functions
	6.3 The effect of the parameter T on the generalized function

	7 Conclusions
	Acknowledgments
	References




