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1. Introduction

In many parallel computer systems, processors are connected based on an interconnection network. Popular instances
of interconnection networks include hypercubes [2,5,7], star graphs [8,10,16], bubble-sort graphs [17], and k-ary n-cubes
[1,11,15,18]. It is well known that an interconnection network is usually represented by an undirected simple graph G. We
denote the node set and the link set of G by V(G) and E(G), respectively.

In a large-scale multiprocessor system, failures of components are inevitable. Thus, fault tolerance of interconnection
networks has become an important issue and has been extensively studied (see, for example, [1,2,5-8,10-12,15-18]).
Fault tolerance of interconnection networks is usually measured by how much of the network structure is preserved in
the presence of a given number of component failures. Obviously, in the presence of component failures, the complete
interconnection network is not available. Under this consideration, Becker and Simon [2] investigated a problem of what is
the maximum number of dimensions that would be lost if the network contained a given number of faulty processors or
links. They studied f (n, k), the minimum number of faults, necessary for an adversary to destroy each (n — k)-dimensional
subcube in an n-dimensional hypercube. Latifi [ 10] proposed a similar natural question of how large a part of a subnetwork, a
smaller network but with the same topological properties as the original one, is still available in the network in the presence
of component failures. He presented a bound on Fs(n, k), the number of faulty nodes to make every (n — k)-dimensional
substar faulty in an n-dimensional star graph and also determined the exact value of Fs(n, k) when n is prime and k = 2
or whenn — 2 < k < n. Wang and Yang [17] studied Fg(n, k), the minimum number of faulty nodes to make every
(n — k)-dimensional sub-bubble-sort graph faulty in an n-dimensional bubble-sort graph. They determined the exact value
of Fz(n, k) for some special cases and gave the lower and upper bounds on Fz(n, k).

The interconnection network considered in this paper is the k-ary n-cube, denoted by Q,i‘ which has been proved
to possess many attractive properties such as regularity, node transitivity and edge transitivity. Moreover, many
interconnection networks can be viewed as the subclasses of Q,f including the cycle, the torus and the hypercube. A number
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Fig. 1. Q} and Q;.

of distributed memory multiprocessors have been built with a k-ary n-cube forming the underlying topology, such as the
iWarp [14], the J-machine [13] and the Cray T3D [9]. In this paper, we are interested in the minimum number f (n, m) of
faulty nodes to make every (n — m)-dimensional subcube Qf faulty in Qﬁ. We prove that f(n,0) = 1, f(n, 1) = k for odd

k>3,f(n,n—1)=k""forodd k > 3,and k™ < f(n,m) < ("~})k™ — (*~2)k™=" for odd k > 3.

m—1
2. Preliminaries

In the remainder of this paper, we follow [3] for the graph-theoretical terminology and notation not defined here.

The k-ary n-cube Qr’,‘ (k> 2and n > 1)is a graph consisting of k" nodes, each of which has the form u = u,,_qu,_5 ... U,
where0 < u; <k—1for0 <i<n-—1.Twonodesu = u,_1u,_3...Upand v = v,_1v,_5 ... Vg are adjacent if and only
if there exists an integer j, 0 < j < n — 1, such that u; = v; & 1 (mod k) and u; = v;, foreveryi € {0,1,...,n — 1} \ {j}.
Such a link (u, v) is called a j-dimensional link. For clarity of presentation, we omit writing “(mod k)" in similar expressions
for the remainder of the paper. Note that each node has degree 2n when k > 3, and n when k = 2. Obviously, Q1k is a cycle
of length k, and an is an n-dimensional hypercube. We say that Q¥ is divided into Q¥[0], Q¥[1], .. ., Q¥[k — 1] (abbreviated
as Q[0],Q[1], ..., Q[k — 1], if there are no ambiguities) along dimension d for some 0 < d < n — 1, where Q[p], for every
0<p<k- 1 is a subgraph on,f induced by {u = up_quy_>...Uqy... Uy € V(Qr’f) : ug = p}. Itis clear that each Q[p] is
isomorphic to Q¥ | for0 < p < k — 1.QP and Q; are shown in Fig. 1.

Let G and H be two graphs. G and H are distinct if their node sets are different, and disjoint if they have no common node.
The Cartesian product of G and H, denoted by G x H, is defined as follows: V(G x H) = V(G) x V(H), two nodes uqug and
v1vg are adjacent in G x H if and only if (11, v1) € E(G) and ug = vp or (Ug, vg) € E(H) and u; = v;. Let C be a cycle of
length k. Then the Cartesian product of n G;’s G x C x - -+ x C, and Q,f are obviously isomorphic. For two sets of nodes X
and Y of G, denote by [X, Y] the set of links with one end in X and the otherend in Y. Let N;_; be theset {0, 1,2, ...,k — 1}
for an arbitrary integer k > 2.

Given two integersn > 1and k > 2, for any integer m (0 < m < n — 1), letiy, iy, ..., in be mintegers with 0 < i,, <
im_1 << i] <n-—1 and leta,—l, Qiyy ooy iy € Ny_q1.Denote M = {bn_1bn_2 e bi1+1(1,'1b,'1_1b1‘1_2 ce bi2+1aiz N al-mb,-m_1
bim—Z e bo : bn_1, bn—2» “ e b,‘ﬁ.], bi]—h b,‘1_2, ey bi2+1, ey b,‘m_l, bim—Z» “eo b() (S] Nk_l}.lnpartlcular, bn—lbn—Z e b,‘ﬁ_l

and bj,,_1bi,—> . .. by are empty strings if iy = n — 1 and i, = 0, respectively. Obviously, the subgraph of Q,.’,‘ induced
by M is isomorphic to Q,ffm. Let X be a don’t care symbol and let X! = XX ...X. For convenience of representation, we
t

denote by an n-length string of symbols X"~1~11q; X'1=2~1q;, ... a; X' the subgraph induced by M in QX. For example,
X202 in Qj‘ denote the Q23 induced by {0002, 0102, 0202, 1002, 1102, 1202, 2002, 2102, 2202}. In particular, when m = 0,
Xn—1=hg X2 =lg g X is just X7, ie., QX

In addition, we can obtain the following lemma.
Lemma 1. AQX  in Q¥ can be uniquely denoted by X"~ '~"1a; X1 —2~a, ... a; X'm for odd k > 3.
Proof. We first prove the following two claims.

Claim 1. Let C be a cycle of length k in Qn". Then there existsi € {0, 1, ..., n — 1} such that C contains only i-dimensional links
forodd k > 3.

By contradiction. Suppose that C contains iy, iy, ..., is-dimensional links, where 2 < s < nand iy, ip,...,i; €
{0,1,...,n — 1}. For any iy € [{iy,ia,...,Iis}, we divide Q,f into Q[0],Q[1],...,Q[k — 1] along dimension i. If
[V@I[iD,V(@Ql[i + 1D] N E(C) # @ for everyi = 0,1,...,k — 1, then there exist at least k distinct i;-dimensional
links in C. For i; € {iy, i, ..., i} and ij # i, since C contains i-dimensional links, we have |E(C)| > k, a contradiction.
Hence, there exists at least one element i* € Ny_; such that [V (Q[i*]), V(Q[i* + 1])] N E(C) = ¥, say i* = k — 1. Note
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that [[V(Q[i]), V(Q[i 4+ 1])] N E(C)| must be even for everyi = 0, 1, ..., k — 2. So, the number of i,-dimensional links in
C is even. Furthermore, by the arbitrariness of i;, [E(C)| is even, contrary to the fact that k is odd. The proof of Claim 1 is
complete.

Claim 2. For any st 2<s<n-—1)in Q,f there exists pairwise distinct j1, j2, . . ., js € {0, 1, ..., n— 1} such that st contains
only ji,ja, ..., js-dimensional links for odd k > 3.

LetC = (0,1,...,k — 1,0) be a cycle of length k. Denote the Cartesian product of s C’'s C x --- x C by H*. For any two
distinct nodes u = us_quUs_5...Upand v = vs_1vs_> ... Vo in V(H*), u and v are joined with a j-dimensional link if and only
if there exists an integer j € {0, 1,...,s — 1} such that (u;, v;) € E(C) andu; = v, foreveryl € {0,1,...,s — 1} \ {j}.
Fori = 0,1,...,s — 1, let G; be a cycle of length k in H*, which contains only i-dimensional links, such that the node
00...0 € V(G). Now, foranyi € {0,1,...,s — 1}, if H* contains i-dimensional links, then there exists ; such that G
contains i-dimensional links. Note that H* and st are isomorphic. So there exist s pairwise distinct cycles Hy, H,, . . ., Hs of
length kin st such that if st contains i-dimensional links, then there exists an integerj € {1, 2, ..., s} such that H; contains
i-dimensional links. By Claim 1, there exists j; € {0, 1, ..., n — 1} such that H; contains only j;-dimensional links for every
i=1,2,...,s.Hence, st contains only j1, jo, . .., js-dimensional links. By the definition of QS", there exists pairwise distinct
i1, i3,...,0s € {0,1,...,n — 1} such that st contains iy, iz, . . ., is-dimensional links. So {j1, j2, . ..,Js} = {i1, 12, ..., 0s}.
The proof of Claim 2 is complete.

Next, we prove Lemma 1 by induction on m. When m = 0, Q,f can be uniquely denoted by X". Assume that Lemma 1
is true for m, where m > 0. We shall show that Lemma 1 holds for m 4+ 1. Note that a Q,ff(mﬂ) in Q,i‘ must be in

some QF .. By the induction hypothesis, the QX_,. can be uniquely denoted by X"~'~'1q; X'1=2~1q,, ... g;, X™. By Claim 2,

there exists pairwise distinct jq,j2, ..., jn—m—1,Jn—-m € {0, 1,...,n — 1} \ {iy, i, ..., in} such that erf—(m+1) contains
only ji, jo, ..., jn_m—1-dimensional links and Q,{‘_m contains only jq, ja, . . ., jn_m-dimensional links. The Q,f_(mH) can be
obtained by dividing X"~ '~"1a; X"~ 1q,, . .. a;, X" along dimension j,_m. So there exists a € Ny_; such that, for any node
Un_qUn_z ... Uy € V(Qf_(mﬂ)), U, = alet{t;,ty, ..., tme1} = {i1, .-, imsdnom) Witht; > t > --- > tyyq. Thus the

Q% (1) €an be uniquely denoted by X"~'~“1a, X"1"2"q,, . .. a, , X"n+1. The proof of Lemma 1 is complete. [

Lemma 2. There are k™ disjoint Qf_,’s and k™ (") distinct Q¥_,, s in Q¥ for odd k > 3.
Proof. This lemma is trivial when m = 0. In the following, we consider the case m > 1. ‘

Forodd k > 3,byLemma 1, a Q,{‘_m in Q,f can be uniquely denoted be”‘l"lailx'l"l‘]a,z2 .. ai, X'™, whereiy, i, ..., in
are m integers with 0 < ip < ip—q < --- < iy < n—1and q,aqa;,...,a, € N¢_i. According to the values of
P . .. c s ks k: n . n _
i1, b, - im, WE divide all theAdlstmct Qf_,’sinQfinto (1) sets Ay, Ay, ... ,A(ny, where, for every i € {1, 2 (LA =
{X"‘“”a,-l_X”"Z_‘]_ai2 -+ X" 2 G, G, .., G, € Ny—1}. Note thatany two distinct Qk sxn—1-hg Xh—R=lg, . g Xim
and X”‘l"lbhx‘l‘lz‘]biz ... bi, X' in A; have no common node because there is some [ € {iy, iy, ..., ip} such that a; # b;.
So, X" g X172 gy .. gy, X™ and X" 1 1by, X172 1y, L. by, X' are disjoint. It follows that there are |A;] = k™ disjoint
Qf_,’s in Q. For two distinct integers i,j € {1,2,..., ()}, any two Qu_pm’s X"~ "1a; X727 a;, ... g;,, X' in A; and
X1 X2 1g; . a;, X' in A; are distinct, since otherwise the node set of X"~ !~g; X'1""271a; ... a; X' and the
node set of X"‘1‘“aj]X11"2‘1aJ-2 ... @, X'™ are the same, which yields that iy = ji, i, = j2, ..., im = jm, a contradiction.

n
Therefore, there are Z,(:"‘? |Ail = k™ (") distinct Qf_,’s in QX. The proof is complete. 0

3. Enumeration of faulty nodes

3.1. The lower and upper bounds

Given two integers n > 1and k > 2, we are interested in finding f (n, m), the minimum number of faulty nodes to make
every (n — m)-dimensional subcube Qr’f_m faulty in Q,f, where0 <m <n—1.
Lemma 3. k™ < f(n, m) < k™() for odd k > 3.

Proof. By Lemma 2, Q¥ can be divided into k™ disjoint Q¥ _, ’s. To damage all the disjoint Q¥ , ’s in QX, we need at least one
faulty node for each Q,ffm, which yields that f (n, m) > k™.

The upper bound on f (n, m) can be obtained by making a node faulty in each of the k™ (") distinct Q¥_,,’s in Q. This will
render: f(n, m) < k™ (). Combining this with the fact that f (n, m) > k™, the lemma follows. [

The following theorem gives the exact value of f (n, m) for some special cases.
Theorem 1. Let Q,f be a k-ary n-cube. Then the following hold.
(1) f(n,0) =1
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Fig. 2. The partition of V(QA‘) and the selection of faulty nodes which are underlined (for convenience, denote § = k — 1).

(2) f(n,1) = kforodd k > 3.
(3) f(n,n—1) = k"' for odd k > 3.

Proof. (1)Since the failure of a single node will damage the Q,i‘ we have f (n, 0) < 1.Lemma 3 implies that f(n, 0) > k° = 1.
Sof(n,0) = 1.

(2) By Lemma 2, there are nk distinct QF_,’s in QX. Note that, for every i € Ny_1, the node i . . . i will damage the n Q¥ _,’s
iX"1 XiX"2 XXiX"3,. .., X"2iX and X"~ 'i. Therefore, the nodes00...0,11...1,..., (k—=1)(k—=1) ... (k—1) will damage
every QX | in QX, which yields that f (n, 1) < k. Lemma 3 implies that f (n, 0) > k.Sof(n, 1) = k.

(3) In the following, we consider the QX for odd k > 3.1fn = 1, then, by (1), f(n,n — 1) = f(1,0) = 1 = k'~'. Next,
assume that n > 2. We divide Q,f into Q[0], Q[1], ..., Q[k — 1] along dimension 0, where Q [p], forevery0 < p < k — 1,
is isomorphic to Q,fq. Let uP = u,_1Uy_> ...u;p be a node in Q[p], then the counterpart node of u” in Q[q] is denoted by

ud, where u? = u,_qu,_»...u1q.Let SP C V(Q[p]), then the counterpart node set of S in Q[q] is denoted by S9, where
S = {x7: xP € SP}. Next, we prove a claim.

Claim. There exists a partition A%, A3, . .., A? of V(Q[0]) such that AY UA} U - - - U AX™ ! is the set of faulty nodes that damage all
the Qs in Q¥, where |A?| = k"2 forevery 1 < i < k, A)NAY? =@ for 1 <i,j < kandi # j, UL, A° = v(Ql0]), and A? is the
counterpart node set ofA? inQ[plfori<p<k—1and1 <i<k

We prove the claim by induction on n. When n = 2, let A9 = {00}, A = {10}, ...,AY = {(k — 1)0}. Then A} = {11},
A% =(22),..,AF" = {(k—1)(k— 1)}. Clearly, AY UA} U - - - UAf " is the set of faulty nodes that damage all the Q¥'s in QX
for odd k > 3. Assume that the claim is true for n — 1, where n > 3. We shall show that the claim holds for n. Since Q[0] is
isomorphic to QLl, we divide Q[0]into Q'[0],Q’[1],...,Q'[k— 1] along dimension 1, where Q'[p], forevery0 < p < k—1,is
induced by {u = u,_1...ujlUy € V(Q,f) Uy = p, ug = 0}.Itis clear that each Q’[p] is isomorphic to Q,f_z for0<p<k-—1.
By the induction hypothesis, there exists a partition B%, BY, ..., B® of V(Q'[0]) such that B UB® U - .. U B* " is the
set of faulty nodes that damage all the Q{'s in Q[0], where [BY°| = k"> forevery 1 < i < k,B® N B =@ for 1 <i,j <k
andi # j, Uf:l B = V(Q'[0]), and Bfo is the counterpart node set of B in Q'[p] for 1 < p <k — 1and 1 < i < k. Denote
the counterpart node set of B?O in Q[p] by B?p for1<i<kO<qg<k-—1and1 <p <k — 1. See Fig. 2 for more details
about the partition.

Let A = B UBIOU ... UB¥ P A0 = B UBIOU ... UBF 2P UBM ™, A2 = BPUBIU...UB¥ " Then
Al =B UB U UBS Pt uBEP A = BV U BV U U BT, By Claim 1 in Lemma 1, QF in
Qr’,‘ contains only i-dimensional links for some i € {0, 1, ..., n — 1}. Clearly, all the Ql’"s formed by 0-dimensional links are
damaged by the faulty nodes in A? U A; u...-u Aﬁ_] (see Fig. 2). Next, we show that all the Q;’s in Q[1] are damaged by the
faulty nodes in A;. Define a mapping ¥ as follows:

v V(Q[o]) — V(Q[1])
Up—1 ... Ugllillp > Up—q ... Uz (ug — 1)(mod k) (up + 1).

¥ is an isomorphism between Q[0] and Q[1]. For S € V(Q[0]), denote ¥(S) = |J,s{¥ (w)}. Then ¥ (BY®) = ng’m,
w(B) =B, ..., w(BX V%) = B Since all the Q¥'s in Q[0] are damaged by the faulty nodes in A2 = B UB°U ... U
B*~1° we have that all the Q¥’s in Q[ 1] are damaged by the faulty nodes in ¥ (4%) = Al = B'UB}' U .. UB* 21 up D1,
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Table 1
The faulty nodes and damaged Q,;Lz's in A, (for
convenience, denote § = k — 1).

Faulty nodes Damaged Q,’,Lz‘s
00...0 00X"2, 0X0X™3, ..., 0X"20
01...1 01X"2, 0X1X™3, ..., 0X" 21
05...8 08X"2, 0X8X"3, ..., 0X"28
10...0 10X"2, 1X0X" 3, ..., 1X""20
11...1 11X"2, 1X1X" 3, .., 1X"21
15...6 16X"2, 1X8X™3, ..., 1X"2§
50...0 80X"2, SX0X"3, ..., 8X"%0
51...1 S1X"2, §X1X"73, ..., 8X" %1
88...8 88X"2, 8X8X"3, .., X" %8

For every 2 < p < k — 1, define the mapping ¥, as follows:

Yp: V(Q[O]) — V(QIpD
Up_1...UxUilg > Up_1...Ux(u; — p) (mod k) (ug + p).
Similarly, we have that all the Q;"s in Q[p] are damaged by the faulty nodes in Aﬁ 41 forevery 2 < p < k — 1. Therefore
A? UAJU---U A;j_l is the set of faulty nodes that damage all the Q{"s in Q,f The proof of the claim is complete.
By the claim, f (n, n—1) < |A|+|A}|+-- -+ |AX | = kk"~% = k"' Lemma 3 implies that f (n, n — 1) > k"~'. Therefore
wehave f(n,n—1) = k™. O
Note that for some special cases the exact value of f(n, m) coincides with the lower bound. But there is a large gap

between the lower bound k™ and the upper bound k™ (:1) in Lemma 3. In the following, we shall improve the upper bound
onf(n, m).

3.2. A better upper bound on f (n, m)

We first present a better upper bound on f (n, 2) by giving a set of faulty nodes that damage all Q,ffz‘s in Q,f

Lemma 4. Denote by f (n, 2) the minimum number of faulty nodes that make every (n — 2)-dimensional subcube Q,f_z faulty in
QX Thenf(n,2) < (";")k* — (",*)k for odd k > 3.

Proof. By Lemma 2, there are (})k? distinct Q_,’s in Q¥. Divide all the distinct Q_,’sin Q¥ inton—1sets Ay_1, Ap—a. . .., Ay,
where, fori € {1,2,....n— 1}, A = (X" '"7aX7'gx) : 0 < j < i— landa;, a; € Ne_y}. Clearly, |A;| = (})k? for
ie{l,2,...,n— 1}. We first find k? faulty nodes to damage all the Q,ﬂ‘fz's in A,_1. See Table 1 for more details.

Secondly, we find k? faulty nodes to damage all the Q,’f_z's in A;_,. See Table 2 for more details.

We proceed in a similar way until we find k? faulty nodes to damage all the Qr’f_z's in A;. See Table 3 for more details
OfA] .

Note that thenodes00...0,11...1,..., (k—1)(k—1) ... (k—1) repeat n—2 times in the faulty nodes which we found.
Except00...0,11...1,..., (k=1)(k—1) ... (k—1), the faulty nodes are pairwise distinct. Thus we found (n—1)k*—(n—2)k
faulty nodes. Since |An—1| + |An—2| +- - - + |A1] = (n— DE2 + (n—2)k? + - - -+ k* = (})k?, the faulty nodes which we found

can damage all the Q_,’s in Q¥, which yields f (n, 2) < (n — Dk? — (n — 2)k = (*]")k? — (",?)k. The proof is complete. O
More generally, we give a better upper bound on f (n, m). The following lemma is useful.

Lemma 5 ([4]). Lets, t be two nonnegative integers withs > t. Then ({_1) + (=2) + -+ ((Z]) = ())

Theorem 2. Denote by f (n, m) the minimum number of faulty nodes that make every (n — m)-dimensional subcube Q,iim faulty
in Q. Then f(n,m) < (-})k™ — (" 2)k™ for odd k > 3.

m—1
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Table 2
The faulty nodes and damaged Q,[‘fz‘s in A, (for
convenience, denote § = k — 1).

Faulty nodes Damaged QF ,’s
000...0 X00X™3, X0X0X"™4, ..., X0X"30
001...1 X01X"—3, X0X1X"4, ..., X0X"31
005...8 X08X"3, X0X8X" 4, ..., X0X"3§
110...0 X10X™3, X1X0X™4, ..., X1X"30
111...1 X11X"3, X1X1X"4, ..., X1X" 31
118...68 X18X"3, X1X8X™4, ..., X1X"~3§
880...0 X80X"3, XSX0X"4, ..., X6X"~30
881...1 X81X"73, XSX1X"4, ..., X6X" 31
888...8 X88X"3, X8X8X"4, ..., X8X" 38
Table 3

The faulty nodes and damaged
Qf ,’s in A; (for convenience,
denote§ =k — 1).

Faulty nodes  Damaged Q¥ ,'s

0...00 X"200
0...01 X"201
0...08 X"208
1...10 X"210
1...11 X"211
1...18 X"218
§...80 X"250
§...61 X"251
§...88 X"2588

Proof. We prove the theorem by induction on m. By Lemma 4, the theorem holds for m = 2. Assume the theorem holds for
m—1(m > 3),ie,f(n,m—1) < (" ))k™ ! — ("~2)k™ 2 for odd k > 3. We shall show that the theorem holds for m. By
Lemma 2, there are (")k™ distinct Q¥_, 's in Q¥. Divide all the distinct Q¥ 'sin Q) inton —m+ 1sets Ay_1, An—3. ..., An1,
where, foreveryi € {m — 1,...,n —2,n — 1}, A; = (X" lgX27 g, X275 g, .. g, X™ : 0 < ip < -+ <
i3 < iy <i-landg,a;,,a,...,aq, € N} and |[A;] = (mil)k’". By Lemma 5, |An_1| + |An—2| + -+ - 4+ |Am—1]| =
(D +(C2) 4+ + (Oo)k™ = (1)k™. Foreveryi € {m — 1,m, ..., n — 1}, denote by B; the set of faulty nodes with
the minimum cardinality to damage all Q,iim‘s in A;. For somer € Ny_; andeveryi € {m — 1, m, ..., n — 1}, we denote
by Ai(r) the set {X"~ 1= Irx"=2" g, X275 1g; .. gy, X' 1 0 < iy < --- < i3 < b <i— landay,ay,...,q, € Ne_1},
and denote by B;(r) the set of faulty nodes with the minimum cardinality to damage all Q,’,‘_m's in A;(r). Clearly, for every
iefm—1,m,...,n—1}, U'r‘;(l) Bi(r) = B; and B;(r) N B;(r") = @, wherer, 1’ € N,_jandr # 1.
First, we shall find B,_;(r) for every r € Ni_;. Denote A |, = {X"272q, X273 1g; ... g, X'm : 0 < ipn <

< i3 < i < n — 2anda,,a;,...,q, € Ni1}. Note that A7, is the set of all the Q(knfl)f(mq)'s in
Q) ,. By the induction hypothesis, there exists a set B, , of faulty nodes to damage all the Q(kn—l)—(m—l),s in Q* |



40 S. Wang et al. / Theoretical Computer Science 460 (2012) 34-41

with [B, | = f(m—1,m—1) < ("72)km*1 — (r"n*_z)kmfz. Thus the faulty nodes in B, , damage all the Q(';fl)f(mq)'s

m—2

inA,_,.LetB;_,(r) = {run,?un,3 ... Ug € V(K : Un—alp-3...Uo € B _,} be a set of faulty nodes. Then |B}_,(r)| = |B;_,I.
Recall that A, (r) = {rX""272a, X275 1g;, ... a;, X™ : 0 <ip < --- <i3 <ip <n—2andaj,, g, ..., 6, € Ny_1}. The
faulty nodes in B;_, (r) damage all the Qr’f_m‘s in A,—1(r). Therefore |B,_1(r)] < |B;_;(")| = IB,_4l =f(n—1,m—1) <
(;:Zz)km‘l — (;:;)km‘z. Note that for any ' € Ni_1 \ {r}, |Ba—1(")| = |Bs—1(r)|. It follows that |B,_;| = Z’r‘;é [Boo1(1)] <

n—2 -1 n-3 -2\ __ (n—2 n—3 -1
k((m—z)km - (m—Z)km ) - (m—Z)km - (m—Z)km . ) o )

Next, we shall find B,_,(r) for every r € Ny_;. Denote A, , = {X" 27 3a, X275 ;... q;,X™ : 0 < ipy < -+ <
i < iy <n—3anda,,a,...,a, € Ni_1}. Note that A7 _, is the set of all the Qf,_, _,_)’s in Q;_,. By the induction
hypothesis, there exists a set B, _, of faulty nodes to damage all the Q(’;_z)_(m_l)’s inQf ,with|B, ,|=f(n—-2,m—1) <
(;:32)km‘1 — (r'::;)k”“z. Thus the faulty nodes in B, , damage all the @;72)7(m71)'s inA/_,.Given an integer a € Ni_, let
By ,(r) = {arun,3u,1,4.. - lUp € \{(Q,f) Up3Un-gq...Up € B, _,} be a set of faulty nodes. Then |B}_,(r)| = |B_,|. Recall
that Ap_»(r) = {XrX" 2 3a, X253 a;, ..., X™ : 0 < iy < --- < i3 < i < n—3anda,,a,...,aq, € Ni1}. The
faulty nodes in B;_,(r) damage all the Q¥ ,’s in A,_,(r). Therefore |B,_»(r)| < |B:_,(r)| = B, ,| =f(n—2,m—1) <
("23)km=1 — ("~%)k™2. Note that for any 1’ € Ni_1 \ {r}, |By_2(r")| = |By_2(r)|. It follows that |B,_5| = Y"\—; |By_2(r)| <

23\ m—1 Za\ m—2y _ (n—3 4\ m—1

k((;—z)km - (rI:z—Z)km )= (:Z—z)km - (rnn—z)km :

We proceed in a similar way until we get |By| < (T_))k™ — (" —2)k™~1.

Now, we consider the remaining A,,_1 = {X" ™an_1Gm_3...04p : g, ..., dm_2,adm_1 € N¢_1}. There are k™ disjoint
Q,’f_m's in Ap,_1. By making a node faulty in each of the k™ disjoint Qr’f_m's inAp_1,wehave |B,_{| = k™ = (Z:g)km.Therefore,

f(n’ m) = |Bn—1| + |Bn—2| +---+ |Bm| + |Bm—1|

(n_2>k’“ 3 <n—3)km1 N (n—3>km 3 (n—4)km1
m—2 m—2 m—2 m—2
m-—1\ . m—2\ . m—2\ .
b (M e (e (),
m—2 m—2 m—2
~((no2) (o) (R 2)) e
m—2 m—2 m—2

n—1
m—1

By Lemma 5, f(n, m) < ("~})k™ — ("~2)k™=!. The proof is complete. O

4. Conclusions

In this paper, we investigate f(n, m), the minimum number of faulty nodes which make every (n — m)-dimensional
subcube Q,f_m faulty in a k-ary n-cube Q,{‘ under node-failure models. We present the lower and upper bounds on f (n, m),
and determine the exact value of f(n, m) for some special cases. The results can be used in the reliability analysis of the
subnetworks in k-ary n-cubes. The determination of the exact value of f(n, m) remains an open problem for the general
case.
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