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of granular computing, the classical rough set theory is established through a single gran-
ulation. This paper extends Pawlak’s rough set model to a multi-granulation rough set model
(MGRS), where the set approximations are defined by using multi equivalence relations on
the universe. A number of important properties of MGRS are obtained. It is shown that
some of the properties of Pawlak’s rough set theory are special instances of those of MGRS.

Moreover, several important measures, such as accuracy measure o, quality of approxima-
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Measures tion y and precision of approximation 7, are presented, which are re-interpreted in terms of a
Attribute reduction classic measure based on sets, the Marczewski-Steinhaus metric and the inclusion degree
Rule extraction measure. A concept of approximation reduct is introduced to describe the smallest attribute

subset that preserves the lower approximation and upper approximation of all decision
classes in MGRS as well. Finally, we discuss how to extract decision rules using MGRS.
Unlike the decision rules (“AND” rules) from Pawlak’s rough set model, the form of decision
rules in MGRS is “OR”. Several pivotal algorithms are also designed, which are helpful for
applying this theory to practical issues. The multi-granulation rough set model provides an
effective approach for problem solving in the context of multi granulations.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Rough set theory, originated by Pawlak [16,17], has become a well-established mechanism for uncertainty management
in a wide variety of applications related to artificial intelligence [2,5,6,11,20,23,24,31,32,41]. One of the strengths of rough
set theory is that all its parameters are obtained from the given data. This can be seen in the following paragraph from [16]:
“The numerical value of imprecision is not pre-assumed, as it is in probability theory or fuzzy sets - but is calculated on the
basis of approximations which are the fundamental concepts used to express imprecision of knowledge”. In other words,
instead of using , the rough set data analysis (RSDA) utilizes solely the granularity structure of the given data, expressed as
classes of suitable equivalence relations.

Knowledge representation in the rough set model is realized via information systems (IS) which are a tabular form of an
OBJECT — ATTRIBUTE VALUE relationship, similar to relational databases. An information system is an ordered triplet
S = (U,AT,f), where U is a finite non-empty set of objects, AT is a finite non-empty set of attributes (predictor features),
and f, : U — V, for any a € AT with V, being the domain of an attribute a. For any x € U, an information vector of x is given
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by Inf(x) = {(a,fas(x))|a € AT}. In particular, a target information system is given by S = (U,AT,f, D, g), where D is a finite non-
empty set of decision attributes and g, : U — V, for any d € D with V,; being the domain of a decision attribute d.
If Q is a set of predictor features and d a decision attribute, then RSDA generates rules of the form

Nx=mg=xt=mgvx'=miv... vx'=mj (1)
aeQ
where x7 = m, denotes that the attribute value of object x under attribute q is equal to mg, and x¢ = m, (r = 1,2,...,k) rep-

resents that the attribute value of object x under decision attribute d equals to m}, (r = 1,2,...,k). Clearly, the form of deci-
sion rules is “AND” rules, i.e., conjunction operations in between the descriptions of condition attributes should be
performed.

In the past 10 years, several extensions of the rough set model have been proposed in terms of various requirements, such
as the variable precision rough set (VPRS) model (see [43]), the rough set model based on tolerance relation (see [7-9]), the
Bayesian rough set model (see [33]), the fuzzy rough set model and the rough fuzzy set model (see [1,34,35]). In the view of
granular computing (proposed by Zadeh [40]), a general concept described by a set is always characterized via the so-called
upper and lower approximations under a single granulation, i.e., the concept is depicted by known knowledge induced from
a single relation (such as equivalence relation, tolerance relation and reflexive relation) on the universe. However, this ap-
proach to describing a target concept is mainly based on the following assumption:

If P and Q are two sets from predictor features and X C U is a target concept, then the rough set of X is derived from the
quotient set U/(P U Q). In fact, the quotient set is equivalent to the formula

P/U\Q ={PinQ;:P;cU/P, Q; €U/Q, PinP; # @}.

It implies the following two ideas:

(1) We can perform an intersection operation between any P; and Q;.
(2) The target concept is approximately described by using the quotient set U/(PU Q).

In fact, the target concept is described by using a finer granulation (partitions) formed through combining two known
granulations (partitions) induced from two-attribute subsets. Although it generates a much finer granulation and more
knowledge, the combination/fining destroys the original granulation structure/partitions.

In general, the above assumption cannot always be satisfied or required in practice. In the following, several practical
cases are given to illustrate its restrictions.

Case 1. In some data analysis issues, for the same object, there is a contradiction or inconsistent relationship between its
values under one attribute set P and those under another attribute set Q. In other words, we cannot perform the
intersection operations between their quotient sets and the target concept cannot be approximated by using
U/(PUQ).

Case 2. In the process of some decision making, the decision or the view of each of decision makers may be independent
for the same project (or a sample, object and element) in the universe. In this situation, the intersection operations
between any two quotient sets will be redundant for decision making.

Case 3. To extract decision rules from distributive information systems' and groups of intelligent agents? through using
rough set approaches, knowledge representation and rough set approximations should be investigated. For the reduc-
tion of the time complexity of rule extractions, it is unnecessary for us to perform the intersection operations in
between all the sites in the context of distributive information systems.

In these circumstances, we often need to describe concurrently a target concept through multi binary relations (e.g.
equivalence relation, tolerance relation, reflexive relation and neighborhood relation) on the universe according to a user’s
requirements or targets of problem solving. In the literature [18], to more widely apply rough set theory to practical issues, a
simple multi-granulation rough set model is proposed, based on multi equivalence relations. Furthermore, Qian et al. illu-
minated several basic views for establishing a multi-granulation rough set model in the context of incomplete information
systems [19].

In the view of granular computing, an equivalence relation on the universe can be regarded as a granulation, and a par-
tition on the universe can be regarded as a granulation space [13,14,20,22,37-39]. Hence, the classical rough set theory is
based on a single granulation (only one equivalence relation). Note that any attribute set can induce a certain equivalence
relation in an information system.

The main objective of this paper is to extend Pawlak’s single-granulation rough set model to a multi-granulation rough set
model (MGRS), where the set approximations are defined by using multi equivalence/tolerance relations on the universe. The

! In data mining and knowledge discovery, we are often faced with such a problem in which there are many information systems from various site and
terminal unit. These information systems can be called distributive information systems [27-30].

2 In artificial intelligence, an intelligent agent is an autonomous entity which observes and acts upon an environment and directs its activity towards
achieving goals (i.e. it is rational). Intelligent agents are often described schematically as an abstract functional system similar to a computer program [25,26].
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rest of the paper is organized as follows. Some preliminary concepts in Pawlak’s rough set theory such as the lower approx-
imation, upper approximation, accuracy measure and degree of dependency are briefly reviewed in Section 2.

In Section 3, for a complete information system, based on multi equivalence relations, an extension of Pawlak’s rough set
model is obtained, where a target concept is approximated by using the equivalence classes induced from multi-granula-
tions. A detailed algorithm is designed to compute the lower approximation of a target concept in complete information sys-
tems. And a number of important properties of MGRS are investigated. It is shown that some of the properties of Pawlak’s
rough set theory are special instances of those of MGRS. Several important measures in MGRS, such as accuracy measure o,
quality of approximation ) and precision of approximation m, are presented, which are re-interpreted in terms of a classic mea-
sure based on sets, the Marczewski-Steinhaus metric, and the inclusion degree measure. An importance measure of lower
approximation and an importance measure of upper approximation are introduced for evaluating the significance of a con-
dition attribute with respect to the decision attribute in complete target information systems.

In Section 4, a concept of approximation reduct is introduced to describe the smallest attribute subset that preserves the
lower approximation and upper approximation of all decision classes in MGRS. The notion is based on the so-called upper
approximation reduct and lower approximation reduct. An approximation core is employed to describe the intersection set
of all approximation reducts. Based on this concept, we discuss how to extract decision rules from a complete target infor-
mation system. Unlike decision rules (“AND” rules) from Pawlak’s rough set model, the form of decision rules in MGRS is
“OR”. Furthermore, their computational methods are presented, which are helpful for applying this theory in practical issues.

Finally, Section 5 concludes the paper.

2. Pawlak’s rough set theory

Throughout this paper, we assume that the universe U is a finite non-empty set.

Let us recall a few facts about partitions and equivalence relations. Suppose that P is a partition of U induced from the
attribute set P in an information system. If x € U, we let ﬁ(x) be the class of P containing x, and 0? the equivalence relation
associated with P, i.e.,

X0y <= P(x) = P(y). (2)

Rough set data analysis is based on the conviction that knowledge about the world is available only up to a certain gran-
ularity, and that granularity can be expressed mathematically by partitions and their associated equivalence relations [13].
If XC U and P is a partition of U, then the lower approximation (of X by P) is defined as

—JiveP:vcx) (3)
and the upper approximation as
XP = J{YeP:YnX#0}. (4)

A pair of the form <L(;,)_(F> is called a rough set. Obviously, )_(? =U\ (;XF)' i.e., the upper approximation can be expressed
by using the set complement and the lower approximation.
The area of uncertainty or boundary region is defined as

0-(X) =X\ X, (5)
To measure the imprecision of a rough set, Pawlak [16] recommended for X = @ the ratio
- X5 X
AP X) =—L = (6)

|X$| |U| - ‘(N X)?‘ ’

which is called the accuracy measure of X by P. It characterizes the degree of completeness of our knowledge about X, given
the granularity of P. This measure depends not only on the approximation of X, but on the approximation of ~X as well.
Suppose that two views of the world are given by the partitions P and Q of the universe U, with associated equivalence
relations 9; and % If a class P; of P is a subset of a class Q; of Q, then P; is called deterministic with respect to Q, or just
deterministic, if Q is understood.
A frequently applied measure for this situation is the quality of approximation of Q by P, also called the degree of depen-
dency. It is defined as

y(P,Q) = E{‘XAJUXEQ} (7)

which evaluates the deterministic part of the rough set description of 0 by counting those elements that can be re-classified
to blocks of Q with the knowledge given by P.

Please cite this article in press as: Y. Qian et al., MGRS: A multi-granulation rough set, Inform. Sci. (2009), doi:10.1016/j.ins.2009.11.023
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In the rough set data analysis, the measure of importance of condition attributes B C AT with respect to decision attributes
D is defined as y(AT,D) — y(AT \ B, D). In particular, when B = {a}, y(AT,D) — y(AT \ a, D) is the measure of importance of attri-
bute a € AT with respect to D. N . N

For an information system S = (U, AT, f) and BCAT, if B = AT and B\ {b} # AT for any b € B, then B is called a reduct
of S. Furthermore, let {B;:i < I} be the set of all the reducts of S, then we call B=._,B; the core of this information
system.

For a target information system S = (U,AT,f,D, g), Posar(D) = UXEBXAAT is called a positive region of D with respect to AT.

For B C AT, if Posg(D) = Posar(D) and Posg,(q) (D) # Posar(D) for any a € B, then B is called a relative reduct of S. Furthermore,
let {B; : i < I} be the set of all the relative reducts of S, then we call B = }_,B; the relative core of this target information
system.

If every class of Q is a union of classes of P, i.e. 0~ C 0~, then we say that Pis finer than a partition Q, and write P < Q. In
particular, the identity partition is the partition containing only singleton sets, the universal partition only has the universe set.
The former is the finest partition on any non-empty set, and the latter is the roughest partition on the universe U.

3. MGRS in complete information systems

For an information system, any attribute domain V, may contain special symbol “x” to indicate that the value of an attri-
bute is unknown. Here, we assume that an object x € U possesses only one value for an attribute a,a € AT. Thus, if the value
of an attribute a is missing, then the real value must be from the set V, \ {x}. Any domain value different from “+” will be
called regular. A system in which values of all attributes for all objects from U are regular (known) is called complete, and it is
called incomplete otherwise [7-10,12]. In particular, S = (U,AT,f,D, g) is called a complete target information system if val-
ues of all attributes AT and D for all objects from U are regular (known), where AT is called the conditional attributes and D is
called the decision attributes.

Let S = (U,AT,f) be a complete information system. Each subset of attributes P C AT determines a binary indiscernibility
relation IND(P) on U:

IND(P) = {(x,y) € Ux U: Va € P.fu(x) = fa(y)}. (8)

The relation IND(P), P C AT, is an equivalence relation 9$ and constructs a partition P of U.

Example 3.1. Here, we employ an example to illustrate some concepts of a complete target information system and
computations involved in our proposed MGRS. Table 1 depicts a complete target information system containing some
information about an emporium investment project. Locus, Investment and Population density are the conditional attributes of
the system, whereas Decision is the decision attribute. (In the sequel, L,I, P and D will stand for Locus, Investment, Population
density and Decision, respectively.) The attribute domains are as follows: V| = {good,common,bad},V; = {high, low},
Vp = {big,small, medium} and Vp = {Yes, No}.

3.1. Rough set approximation
In this subsection, we first discuss the approximation of a set by using two equivalence relations on the universe, i.e., the
target concept is described by two granulation spaces.

Definition 3.1 [18]. Let S = (U,AT,f) be a complete information system, P, Q be two partitions on the universe U, and X C U.
The lower approximation and the upper approximation of X in U are defined by the following

X; o ={x: Py)cXorQ(x)CX} (9)
+
and
XPHQ = (~ X)~ ~, 10
(~ X35 (10)
Table 1
A complete target information system about emporium investment project.
Project Locus Investment Population density Decision
e Common High Big Yes
e Bad High Big Yes
e3 Bad Low Small No
ey Bad Low Small No
es Bad Low Small No
es Bad High Medium Yes
ey Common High Medium No
eg Good High Medium Yes

Please cite this article in press as: Y. Qian et al., MGRS: A multi-granulation rough set, Inform. Sci. (2009), doi:10.1016/j.ins.2009.11.023
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The area of uncertainty orboundary region is defined as

%X =X\ g

Remark. From Egs. (9) and (10), it can be seen that the lower approximation in MGRS is defined through using the equiv-
alence classes induced by multi independent equivalence relations, whereas standard rough lower approximation is repre-
sented via those derived by only one equivalence relation. Each of the upper approximations in MGRS and SGRS can be
characterized by the complementary set of the lower approximation of the complementary set of the target concept. In fact,
if we perform an intersection operation between two equivalence partitions and use these new obtained classes to approx-
imation a given target concept, then MGRS will generate standard rough set model. That is to say, the difference between
standard rough lower and upper approximations and multi-granulation lower and upper approximations is precisely caused
by two different approximation methods.

We will illuminate the rough set approximation based on multi-granulations and the difference between MGRS and Paw-
lak’s rough set theory through the following example and Proposition 3.1.

Example 3.2 (Continued from Example 3.1). Let X = {e, e,, eg, €g}. Three partitions are induced from Table 1 as follows:
L= {{e1,e7},{ez,e3,e4,€5,66},{€s}},
ﬁ{{el,ez}, {es,e4,e5},{,€6,67,8}}
and
LUP = {{e1},{e2}, {es, es, 5}, {es}, {es}, {es}}.
By computing, we have that
X~ ~={x: L(x)CX or P(x) CX} = {es} U{er,e,} = {e1,e,, €5},

“L+p
XHP =~ (~ X)r 5=~ {0U{es,eq,851} = {€1,€2,€3,€4,€5,€5,€7,€5} N {€1,€2,€6,€7, €5} = {€1,€2,€5,€7,€3}.

But, the lower approximation and the upper approximation of X based on Pawlak’s rough set theory are as follows:
)_(L/UT’ = {Y € L/U\P : YQX} = {61,62,66,93},

XYP —{Y e LUP:YNX #0} = {e1,es,66,5}.
Obviously,
Xo s ={en e, e} C{er e, 05,5} =X~

XHP = {eq,e;5,e6,€7,83} D {€1,€3,665,€5} = XIP,

As a result of this example, we have the following proposition.

Proposition 3.1. Let S = (U,AT,f) be a complete information system, P, Q be two partitions induced from the attributes P and Q,
respectively, and X C U. Then, XF@ g)jﬂz and XP+Q > XPQ,

Proof
(1) For any xe)j;+a, from Definition 3.1, it follows that erA’(x) and x e Q(x). Hence, xeﬁ(x)ﬂ@(x). But

~P+Q — T PuQ’ —~
(2) From Pawlak’s rough set theory,AwAe know A)_(PUQ =~ (~ X)@. Applying the result of (1), we have that

XP0 = (v X) = € ~ (v X5 5 =X e, XP+Q 5 X,
PU P

This completes the proof. O

Corollary 3.1. 95(X) €95 ~(X) and 95(X) Co; ~(X).
The following Fig. 1 shows that the difference between Pawlak’s rough set model and the multi-granulation rough set
model.

In Fig. 1, the bias region is the lower approximation of a set X obtained by a single granulation P U Q, which is expressed
by the equivalence classes in the quotient set U/(P U Q), and the shaded region is the lower approximation of X induced by
two granulations P + Q, which is characterized by the equivalence classes in the quotient set U/P and the quotient set U/Q
together.

Please cite this article in press as: Y. Qian et al., MGRS: A multi-granulation rough set, Inform. Sci. (2009), doi:10.1016/j.ins.2009.11.023
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|:| Lower approximation under multi granulations
Fig. 1. Difference between Pawlak’s rough set model and MGRS.

Just from the definition of approximations, one can get the following properties of the lower and upper approximations.

Proposition 3.2. Let S = (U,AT,f) be a complete information system, P,Q be two partitions induced by the attributes P and Q,
respectively, and X C U. The following properties hold

(1) X~ ~cXcX +E;

(2) @~ ~=0"2 =@ and U~ __TPe _ -

P+Q R P+Q

~ X))~ ~ =~ XPHQ X\P+Q . X -
B) (~X); 5 =~X i Aand (~X) Xo o
(4) Xo ~~ ~ =X PO =X

P+QP+Q P+Q +Q

(5) XP+QP+Q ,XP+Q ~ = XP+Q.

(6) X5 = =X;UX:
—P+Q '

(7) XP+Q :XP ﬂXQ;

(8) X~ ~ = X~ ~ and XP+Q — XQ+P,
P+Q Q+P

Proof. If P=Q(P,QCAT), then (9) degenerates into X-~={Ye¢ P: YCX}, and (10) degenerates into
XP={Ye P:YnX# @}. Obviously, they are the same as the lower approximation and the upper approximation of Pawlak’s
rough set theory [16], respectively. Hence, the terms (1)-(8) hold.

If P Q(P,Q CAT), we prove them as follows:

(1a) Letx,y € XRE(X’y € U). Then, I3(x) CX and Q(x) CX.Butxe ﬁ(x) and y € Q(y). Hence, x,y € X and XF@ cX.

(1b) Let x,y.€X. Then, xe P(x)nX and y € Q(y)nX, i.e, Px)nX =@ and Q(y)nX # @. Hence, X,y € XP+Q and
XcXxre,
(2a) From (1), we know that QF+5 C @ and nggaa (because the empty set is included in every set). Therefore,

2 -=0
P+Q

(2b) Suppose B <. Then, there exists x such that x € B2 % Q. Hence, P(x) N @ # @. But P(x) N@ = @. It contra-
dicts the assumption. So, Q)”*Q Q. ~
(2c) From (1), we know that UA ~ C U. And if x € U, then P( )C U and Q(x) CU. Hence, x € gaa and UQQEE' Thus,

Us ~=U
P+Q

(2d) From (1), one can get that uc U”*Q And U"*Q C U hold clearly. Thus U"+Q =U.
(3) From (10), (~ )?+5 —~ XP+Q is obvious. Let X =~ X. Then, (~ X)"+Q =~ (~ (X)) ~ =~ X

P+Q ~P+Q
(4a) From (1), we know that XA X555, acXA o If XEXEE' then ﬁ(x),@( x) CX. Hence, P( )A ACXA ~ and
Q(x )3@ CXA ~. But P( ) P(x) and Q( )ﬂa = Q(x). Thus, P(x),Q(x) C )j ~ andxeXA+a?+A Hence, we have

that X5 o :XA s
+Q P+QP+Q

Please cite this article in press as: Y. Qian et al., MGRS: A multi-granulation rough set, Inform. Sci. (2009), doi:10.1016/j.ins.2009.11.023
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(4b) From (1), )—(?+E cxs A”+Q hold. If x € X A'”Q then P(x) nx; s a @ and Q(x) ﬂ)—(F+a # 0, i.e., there exist y € P(x)
and z € Q( ) such that ye XF@ and z € )—(§+E' Hence, P(y )gX., Q( ) CX. But P(y) = P(x) and Q(z) = Q(x). Thus,

Px)CX, Q(X) CX and x € X~ ~. Hence, we have that X~ ~ D X~ ~P*Q_ Therefore, X~ ~ = X~ ~P+C,
P+Q P+Q P+Q P+Q P+Q

(5a) From (1), XP+Q CXP+QP+Q hold. If xeXP+@P+Q, then P(x)nXP2 =@ and Q(x)NXP*Q = @. For some

y e P(x),y € XP+Q, and some z Qx), z € X2, we have that P(y)nX =@ and Q(z) N X # @. But P(x) = P(y) and

Q(x) = Q(2). Thus, P(x) N X = @, 0 (x) N X # @. That is to say, x € X"*€ hold, which yields X7+ > XP+2”+Q_ There-

fore, we have that XP+Q — XP+QP+Q,

(5b) From (1), we know xP+e DXP+Q,\ . If x,y X"+, then P(x)NX # 0, Q) NX#0. Thus, P(x X)CX"Q and
Q(y) CX"*Q (because if x € P(x), then P(x’) nX= P( )mX #0, ie, x eX"*Q) And x eX"*QA o we have that
X”+QA+E DX”*Q Therefore, we get that X"+Q o _XPHQ,

(6) From (9), we easily know that for Vx € U, 1fP( ) CXthenx e KF+5' and if Q (x) C X thenx e XA ~. That is, X~ CXA+a
and )ja QXF+5. And, if there exists y € X with y € Xﬂa — UeuP(x) — UxeuQ(x) @, then P( ) @ and Q( ) =
Therefore, we have that KRE = )j; U Xa.

(7) From (10) and (6), one can obtain that

XP1Q = (v X)s o = (2 X)5 U (X)) = (~ XPU~ XQ) =X A X2,

P+Q P

(8) They are straightforward from Definition 3.1.

This completes this proof. [

In order to discover the relationship between the approximations of a single set and the approximations of two sets de-
scribed by using two equivalence relations (granulations) on the universe, the following properties are given.

Proposition 3.3. Let S = (U,AT,f) be a complete information system, P,Q be two partitions induced by the attributes P and Q,
respectively, and X, Y C U. The following properties hold

(1) XNY); 5 = (N5 U X NYy):
(2) XUY)PQ = (XP UYP) N (RQ UTQ);
(3) XNY): ~CXo ~NY- ~;
P+ =7PiQ T RiQ
(4) XUY)P+Q D XP+e yyPee
(B) XCY=Xs ~CYs ~;
Prg = PiQ
(6) XCY = XPre CYP+C;
7 E05.52%.5 5
(8) XnY) +Q C XP+Q 0 YP+Q

Proof. If P=Q (P,Q CAT), then (9) degenerates into X~={Y € P:y CX} and (10) degenerates into XF ={Ye P:
. P . . . .
Y nX # @}. Obviously, they are the same as the lower approximation and the upper approximation of Pawlak’s rough set
theory [16], respectively. Hence, (1)-(8) hold.
If P# Q(P,Q CAT), we prove them as follows:

) XNY)s - = XNV UXNY)s = XNY)UXsnYo).

(1
(2) XUY)Q = (XUY)’ N (XUY)2 = (X" UY?) n (X UTQ).
(3) It follows from (1) that

XNY)s o= &ENYHUuXsnYe) = (X;nY)uXs)n(X nY)uYs)
= (X UX5) N (L uX5) n((XGuYs)n (Yo uYs)

=X5 o NY, N (YL uXH)NEXSUYS) CXp Ny o
P+Q P+ P Q P Q P+Q P+Q
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(4) It follows from (2) that
XUV = (X UY") N (X2 UTQ) = (XP UYP)NX2) U (X* UYP) N YQ)
= ((7(F m)?a) U (7F m)?a) U ((7(? N 375) U (17F N 75)) XP+e uYPHR ((17F n)?a) U (7(F N 75))
S XPH 7P
(5) IfXCY, then XNnY = X. It follows from (3) that

XNY)s o =Xs ~CXo oNYs o5 Xo o =Xo onYs == Xo o CYs
P+Q P+Q P+Q P+Q P+Q P+Q P+Q P+Q

(6) IfXCY, then XuY =Y. It follows from (4) that

(X U Y)P+Q yP+Q D XP+Q yYP+Q — YP+Q — XP+Q YP+Q o XP+Q g7P+Q.

(7) It is clear that XCXUY and YCXUY. It follows that XA ACXUYA ~ and YA aCXUYA ~. Hence, XA AUYA ~

CXUY; - e
(8) It 1;c1ear thatX NnYcXand XNYcCY.It follows that XP+Q >Xn Y”+Q and Y”+Q oXn Y”*Q Hence, X NY) Y) Q cXxP+Q
nyP+Q,

This completes this proof. O

Based on the above conclusions, we here extend Pawlak’s rough set model to a multi-granulation rough set model
(MGRS), where the set approximations are defined through using multi equivalence relations on the universe.

Definition 3.2. Let S = (U,AT,f) be a complete information system, X C U and PA], PAZ, e P bem partitions induced by tpe
attributes Py, P,,. .., Pp, respectively. The lower approximation and the upper approximation of X related to Py, P,,...,Pn
are defined by the following:

Xew 5 ={x: \/Pix) CX,i<m} (11)

Zi:lpi
and
XENP e (o X)an = (12
7)21':1 Py )
Similarly, the area of uncertainty orboundary region in MGRS can be extended as

O ~ (X) = X

s 0 =X 7 e

From the definition we obtain the following interpretations:

e The lower approx1mat10n of a set X with respect to Z, 1 Pi is the set of all elements, which can certainly be classified as
X using >, P; (are certainly X in view of >°", P;).

e The upper approximation of a set X with respect to > P; is the set of all elements, which can possibly be classified as
X using > 1P (are possibly X in view of " 1P ).

¢ The boundary region of a set X with respect to 31" 1P is the set of all elements, which can be classified neither as X nor
as not-X using > P;

To apply this approach to practical issues, we here present an algorithm for computing the lower approximation of a set X
in the rough set model based on multi equivalence relations.

Algorithm 1. Let S = (U,AT,f) be a complete information system XCcU and Pc 2, where P = {P1,P,,...,Pn}.
This algorithm gives the lower approximation of X by P: X = {x|P (x)CX,i < m}.
We use the following pointers: Z' !
i=1,2,...,m points to P;,
j= 1,2,..‘,\131-\ points to Y{f e P;, and
L records the computation of the lower approximation.

For every i and every j, we check whether or not Y{ nX= Y’l If YJI: nx= Yf1 then we put Y{ into the lower approximation of
X:L—LUY.

(1) Compute m partitions: ﬁ, I/’;, v, Pn (see Algorithm E in [4]);
(2) Seti—1,j—1,L=0;
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(3) Fori=1 to m Do
Forj=1to |U| Do
If Y/nX =Y}, then
let L — LU {u},
Endif
Endfor
Setj« 1,
Endfor
(4) The computation of the lower approximation X by P is completed. Output the set L.

We know that the time complexity of computing m partitions is O(m\U\ ) (see Algorithm E in [4]). The time complexity of
(13) is also O(m|UJ?) since there are S ]\P | (< |U] x |U]) intersections Y’ N X to be calculated. Hence, the time complexity of
Algorithm 1 is O (m|U).

This algorithm can be run in parallel mode to compute concurrently all corresponding classifications and intersections
from many attributes. Its time complexity will be O (JUJ?). Similar to this idea, the algorithm for computing the upper
approximation of a set also can be designed correspondingly.

Just from the definitions of above approximations, one can get the following properties of the lower and upper
approximations.

Proposition 3.4. Let S = (U,AT,f) be a complete information system, X CU and P1 , Pz ..... Pm be m partitions induced by the
attributes P1,P,, ..., Py, respectively. Then, the following properties hold

(4) WX =~ X

Proof. If i = 1, they are straightforward. If i > 1, we prove them as follows:

(1) It can be easily proved from the formula (11).
(2) From (1) and the formula (12), we have that

m -~ m m ~ m
szlpi =~ (N =~V U /P\ =nrv U <N Xpi> = m)? i
! i=1

2P i=1 i=1

(3) It can be easily proved from the formula (12).
(4) Let X =~ X in the formula (12). Then, we have that )Z

>

"E

=~ X .
Zi:lPi

This completes this proof. O

Proposition 3.5. Let S = (U,AT,f) be a complete information system, X;,X»,...,X, CU, and PAl,I/J; ...,Pyn bem partitions
induced by the attributes P,,Ps, ..., Py, respectively. Then, the following properties hold

(1) (m,l )21 = U, mﬁle

~C=
:><
_M
n“
D
<
~><
ﬁ:

Proof. Similar to Proposition 3.3, one can prove these properties.

(1) (%) 5= U (%), = U ((%5):
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M%7 ) = Mo (U5 ) 0 = (B 500+ €M K 30

@) (UL%) =" = (U7 ) = U (PP ) e = UL G50 U - 2 U, (6507,

(5) It follows from X; C (i, X; that X; cUmX 5 5 . Hence, we have that (U}‘:]Xj) (UaX) s 5 D UL (X Xis~n 5
i=1 Pi

i=1 x]i

=y

(6) It follo%vs from (ﬂ}‘zlxjngu’e {1,27...,n})) that X;2iiF ;m]’?:lij:LPi_ Hence, it has that (n}f‘:]xj>22mg
ﬂ_} 1( i1 l)

This completes the proof. O
Proposition 3.6. Let S = (U, AT, f) be a complete information system, X;,X>,...,Xoa CUWIithX; CX, C ---X,, and Pi, I/’Z, o P
be m partitions induced by the attributes Py, P, ..., Py, respectively. Then, the following properties hold

ns G CXnem =5

_ZHE’ __Zi—lfj _nZHEf

(2) X2 P C Xy oiaPi e C X,
Proof. Suppose 1 < i <j < n. Then, X; CX; holds.

(1) Clearly, iNX; = X;. Hence, it follows from (3) in Proposition 3.5 that X; =XiNXj)m ~ CXicm =N

" b ST =R
= Xi =Xicwn o n n ~. 2o = =
JZ:]‘ ZHP‘ 71211’ le’ Zm’ le'
Therefore, we have that
X] /\sz gxn m -
_21 10 _Z! 10 _Zu Pi

Obviously, X; U X; = X;. Hence, it follows from (4) in Proposition 3.5 that

—
N
—

)szzv—llpi = (Xi UXJ)ZLPi D )T,»Z;"ll"i U)szr—llp‘ = )TJ»ELP" = )TiZirile U)szzlpf = )T,-Z:'—llpi Q)szzlp",
Therefore, we have that
)lezlp" (;)Tzzzlp" C--- (;)THZ::P’,

This completes the proof. O

3.2. Several measures in MGRS

Uncertainty of a set (category) is due to the existence of a borderline region. The greater the borderline region of a set, the
lower is the accuracy of the set (and vice versa). Similar to «(P,X) in (2), in order to more precisely express this idea, we
introduce another accuracy measure as follows.

Definition 3.3. Let S = (U,AT, f) be a complete information system, X C U and I/’T, I/’; ..., P be m partitions induced by the
attributes Py, P,, ..., Pm, respectively. The accuracy measure of X by S"I", P; is defined as

m )_( m ’\v
" (Z Pi,x> iy
i= ))_(Zm Pi

where X # @ and |X| denotes the cardinality of a set X.

(13)

Proposition 3.7. Let S = (U, AT, f) be a complete information system, XC U and P = {PAl, I/’;, - ﬁm} be m partitions induced by
the attributes Py, P,, ..., Py, respectively. If P CP, then

a(i > ZP,,X > o(P;,X), i<m.

i=1 Px cP
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Proof. Since P’ C P is a subset of P, it follows from Definition 3.2 that

XA and X” - X”
> U ﬂ N

= PicP Piel

Then, it is clear that

CJ;(; U XA and ﬂ vl
i=1 ! -~

T Dg

PEP’ PicP
Hence, we have that
m o~ ~
m 'K nol o (UXs U,X AR
a(ZPi,x> D LR
o 'XZH 10X Ia x| x xR Picp
/P\eP’ /I;,'EP’

Similarly, we have oc(Z;_C[ylA’,-.,X> (P, X) (i< m).

Thus, for any P C P and P; € P, the inequality O((Z, 1P,,X) > oc(Z; CP’P“X> o(P;,X)(i < m) hold. This completes the
proof. O

Proposition 3.7 shows that the accuracy measure of a set enlarges as the number of granulations for describing the con-
cept increases.

Note that the accuracy measure of a set described by using multi granulations is always better than that of the set de-
scribed by using a single granulation. The former is suitable for more accurately describing a target concept and solving prob-
lems according to a user’s requirements.

In particular, if P; < 13] then o(P; + Igj,X) = o(P;,X). It can be understood by the following proposition.

Proposition 3.8. Let S = (U, AT, f) be a complete information system, XCU and P = {PA], 1/’;, o IA’m} with ﬁ =< I/’; <...<Pn
be m partitions induced by the attributes P,,P,,. .., Py, respectively. Then,

_XA and XoiiPi =X

_ZI 1t
Proof. Suppose 1 <j < k< mand I3 < Py. From the definition of <, we know that for any 15( X) € 13J there exists I?k(x) e P,
such that P (x)C Pk( ). Therefore, we have thatXA CXA ie., XA+PA —X; UXA —XA Since P] < P, <--- < Py, we have that
o~ =X~ P Pj+Py J P P
_Zu P R

Similarly, we also have that X CXPk ie., XP P — XP A XPe — X7, Thus, we have that X>_i. P — XM,
This completes the proof. O

Let S=(U,AT.f) be a complete information system, Q be the partition induced by the attribute set Q and
P = {Py,P,,...,Py,} m partitions induced by the attributes P, P,, ..., Py, respectively. The quality of approximation of Q by
P, also called the degree of dependency, is defined by

(57e) Elipglved) i

and is used to evaluate the deterministic part of the rough set description of 0 by counting those elements which can be re-
classified to blocks of Q with the knowledge given by >1", P;

Corollary 3.2. If Q <R, then y(z,ﬂlf’i, Q) < y(zﬁlﬁi, ﬁ).

Corollary 3.3. Let P = {PAl, PAZ, e IA’m} be m partitions. If P' C P, then y(zﬁlﬁi, Q) > y(ZFUyﬁi, Q) > y(IA’,», Q).

- \XA\
Gediga and Diintsch [3] introduced a simple statistic (P, X) = ™ t- for the precision of (deterministic) approximation of X C U

given P, which is not affected by the approximation of ~X. This is just the relative number of elements in X which can be
approximated by P. Clearly, (P, X) > (P X). It is important to point out that n(P X) requires complete knowledge of X, whereas
o does not, since the latter uses only the rough set (X,X). In MGRS, it can be extended and becomes the formula

‘ Zx] i
(ZP x) X (15)

Obviously, n(Z?;]Pi,X) > OC(ZLE,X)
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In fact, this measure denotes the relative number of elements in X which can be approximated by (Z}Z] IAJi).

Corollary 3.4. Let P = {P;,P,,..., Py} be m partitions. If P’ CP, then n(Z, 1P17X> (ZA IA’i,X> > n(P;, X).

However, if XC Y C U, the inequality n(Zl 1P,,X) Z, ,Pl, Y ) cannot be established in general.
For each class X of Q, the accuracy of approximation of o P; with respect to X is weighted by the cardinality of X relative
to the number of elements in U, and we get that

V(Z P;, Q) =Y %n(Z T%x) = Zp(X)n(Z Ta,x).
i=1 Xea i=1 Xea i=1

Therefore, y(zi’ilf?h Q) is the mean precision of the approximation of Q by -, P,.
Using o as a basis, we have

“/(Em: P, Q) => %a(i ﬁi,x> = Zp(X)oc(Em: Tz,x),
= XeQ = XeQ i=1

Thus.Ay<z,TillA’,-., Q) also can be regarded as the weighted mean of the accuracies of approximation of the sets X € Q by
ZLP i

Yao [38] connected rough set approximation with a classic distance measure based on sets, called Marczewski-Steinhaus
metric (MZ), which is defined by

IXUY|—[XNY]|

MZX.Y) ===y,

Gediga and Diintsch [3] redefined the measures «,y and 7 using MZ, which discovers the relationships between these mea-
sures and MZ in Pawlak’s rough set theory.
In the multi-granulations rough set model, the above measures o, y and 7 presented can be redefined through using MZ as

a(iﬁx) =1 —MZ()_(ZI - X2 >

n(_ 13,-,x> =1 —Mz<)_<2 " 3 x)

In addition, Xu and Liang [36] introduced two forms of inclusion degree concept Dy and D; in rough set theory as follows:
XNY]
IX]
o U, ~X)n(U ~Y
D](P,Q):‘(X ‘> ( YQ)’.

U

NgE

and

Ms

P; Q>_1MZ sz Ume —1-MZ Ux

XEQ

—1 1

I
—_

Do(Y/X) =

(X # ) and

YeQ

It is easy to see that

X Amxle
)R e )

“/(Em: 5, Q) B > {‘Xzimlfjf ‘Ye @} ) ‘(UYEEXZ‘LA> N (UYE/Q\Y)‘

and

- /UY
Yea 2,11

YeQ
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Thus, these three measures o, 7 and y can be reduced to inclusion degree.

Since the multi-granulations rough set model mainly considers the lower approximation and the upper approximation of
a target concept by multi equivalence relations, in the following, we only introduce a measure of importance of condition
attributes with respect to decision attributes in a complete target information system.

Let S = (U,AT,f,D,g) be a complete target information system, a measure of importance of condition attributes P C AT
with respect to decision attributes D in MGRS in terms of the under approximation and the upper approximation can be di-
vided into two forms: an importance measure of the lower approximation and an importance measure of the upper
approximation.

Let S = (U,AT,f,D,g) be a complete target information system and P be a non-empty subset of AT: @ c P C AT. Given a
condition attribute a € P and X € D. Firstly, we give two preliminary definitions in the following:

Definition 3.4. We say that a is lower approximation significant in P with respect to X if X_.p 52 X N (P; € P), and
i1 1P £ a

that a is not lower approximation significant in P with respect to X if X_.p S =X ~ (P; € P), where |P| is the

iz 1 i=1pp #a !

cardinality of attribute set P.

N A N
Definition 3.5. We say that a is upper approximation significant in P with respect to X if XZL Pi c XZ‘:‘ Pl (P; € P), and

IR R ?.
that a is not upper approximation significant in P with respect to X if X2iaiPi = XZ':1 pial (P; € P), where |P| is the cardi-
nality of attribute set P.

We introduce a quantitative measure for the significance as follows:
The importance measure of the lower approximation of condition attributes P C AT with respect to decision attributes D in
X -\ X ~

MGRS is defined as
m ‘XeD
2 { Zi—l Pi 72%1?14!’1)[ }
Sp(D) = 0] , (16)

where the attributes AT = {Py,P,,...,Pn}, 13,- € AT is the partition induced by the condition attribute P;, and D is the partition
induced by the decision attributes D.
The importance measure of the upper approximation of condition attributes P C AT with respect to decision attributes D in
MGRS is defined as
: X e 13}
(17)

> {‘XZ”-PW’P’ \)_(221;‘
SP'(D) = ,

where the attributes AT = {Py,P,,...,Pn}, 131- € AT is the partition induced by the condition attribute P;, and D is the partition
induced by the decision attributes D.

In particular, when P = {a}, S,(D) is the importance measure of the lower approximation of the attribute a € AT with re-
spect to D and S(D) is the importance measure of the upper approximation of the attribute a € AT with respect to D.

To compute the significance of an attribute a in P with respect to D, we need to compute |P| partitions P; (i < |P|). The time
complexity for computing each partition is O(|UJ?). So, the time complexity for computing |P| partitions is O(|P||U|?). There-
fore, the time complexity of computing a lower approximation of X € D (|D| < |U|) by P is O(|P||U]).

From the above two definitions, we know the following:

e Sp(D) > 0 and S°(D) > 0;
e attributes P with respect to D is the lower approximation significant if and only if Sp(D) = 0; and
o attributes P with respect to D is the upper approximation significant if and only if S*(D) = 0

Example 3.3 (Continued from Example 3.1). Compute the importance measure of each condition attribute with respect to the
decision attribute d.

By computing, we have that

{128\ (1.2} + [{3.4.5)\ {3.4.5)| _1
Su(d) = g =3
) = 28N L2 HIBASN BASI _ g 4o
(@) = 128N B+ 1345 B.45) 2
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and
L {1,2,6,7,8}\{1,2,6,7,8}| +1{3,4,5,6,7,8}\ {3,4,5,6,7}| 1
S’(d) _ |{]~26778}\{172~67778}‘ —g ‘{34~5677}\{374576’7}| =0 and
, {1,2,6,7,8}\ {1,2,6,7,8}| + {1,2,3,4,5,6,7} \ {3,4,5,6,7}| 2
S"(d) = 2 =

It follows from Example 3.3 that Sp(d) > S;(d) > Si(d) and S”(d) > S*(d) > S'(d). That is to say, the important measures of
the lower approximation and upper approximation of condition attribute P are all maximum, and the important measures of
the lower approximation and upper approximation of condition attribute I are all minimum. In fact, from S;(d) = S'(d) = 0,
one can remove the condition attribute I in terms of the approximation representation of all decision classes in Table 1.

In the following, through experimental analyses, we illustrate the deference between the MGRS and Pawlak’s rough set
model. We have downloaded three public data sets (complete target information systems) with practical applications from
UCI Repository of machine learning databases, which are described in Table 2. All condition attributes and decision attributes
in these three data sets are discrete.

Here, we compare the degree of dependency in MGRS with that in Pawlak’s rough set model on these three practical data
sets. The comparisons of values of two measures with the numbers of features in these three data sets are shown in Tables 3-
5 and Figs. 2-4.

In Figs. 2-4, the term MGRS is the complete multi-granulations rough set framework proposed in this paper, and the term
SGRS is Pawlak’s rough set model. It can be seen from Figs. 2-4 that the value of the degree of dependency in MGRS is not
bigger than that in Pawlak’s rough set model for the same number of selected features, and this value increases as the num-
ber of selected features becomes bigger in the same data set. In particular, from Figs. 2 and 3, it is easy to see that the values
of the degree of dependency in MGRS are equal to zero. In this situation, the lower approximation of the target decision
equals an empty set in the decision table. In essence, it is because that the equivalence classes induced by a singleton

Table 2
Data sets description.
Data sets Samples Condition features Decision classes
Tie-tac-toe 958 9 2
Dermatology 366 33 6
Car 1728 6 4
Table 3
The two degrees of dependency with different numbers of features in the data set Tie-tac-toe.
Measure Features
1 2 3 4 5 6 7 8 9
7y in SGRS 0.0000 0.0000 0.1253 0.1628 0.4186 0.7766 0.9436 1.0000 1.0000
y in MGRS 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Table 4
The two degrees of dependency with different numbers of features in the data set Dermatology.
Measure Features
3 6 9 12 15 18 21 24 27 30 33
7 in SGRS 0.0437 0.6066 0.8552 0.8962 0.9809 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

y in MGRS 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

'_11:::1:\,\’50 degrees of dependency with different numbers of features in the data set Car.
Measure Features
1 2 3 4 5 6
7y in SGRS 0.0000 0.1875 0.1875 0.4583 0.4809 1.0000
7 in MGRS 0.0000 0.0000 0.0000 0.3333 0.3333 0.3333

v
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Fig. 2. Variation of the two degrees of dependency with the numbers of features (data set Tie-tac-toe).

1 + +
09 R
o 0.8+ g
o
?
G 07h g
£
° 0.6 R
£
%5 051 R
g
= 0.4+ g
>
031 9
0.2 R
—%— degree of dependency in SGRS
0.1+ -6- degree of dependency in MSRS
0 & & & & & & & & & &
1 3 5 7 9 11 13 15 18 21 24 33

Number of features

Fig. 3. Variation of the two degrees of dependency with the numbers of features (data set Dermatology).
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Fig. 4. Variation of the two degrees of dependency with the numbers of features (data set Car).
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attribute are all coarser than those induced by multi attributes. One can draw the same conclusion from Fig. 4. Therefore,
although the MGRS cannot obtain much bigger approximation measure and degree of dependency than Pawlak’s rough
set model, this approach can be used in concept representation, rule extraction and data analysis from data sets under multi
granulations on the basis of keeping original granulation structure.

4. Attribute reduction

Intuitively, some attributes are not significant in a representation and their removal has no real impact on the value of the
representation of elements [15,41,42]. If it is not significant, one can simply remove an attribute from further consideration.

Let S = (U,AT,f,D,g) be a complete target information system, P C AT and the decision partition by D be D= {X1,
X3,...,X:}. The lower approximation distribution function and upper approximation distribution function are defined as
follows:

QP: Xr

Xig i Kagpooo Xe

Piep PieP PieP

Definition 4.1. Let S = (U,AT,f,D, g) be a complete target information system and P be a non-empty subset of AT.

(1) If Dp = Dar, we say that P is a lower approximation consistent set of S. If P is a lower approximation consistent set,
and no proper subset of P is lower approximation consistent, then P is called a lower approximation reduct of S.

(2) If D? = DAT, we say that P is an upper approximation consistent set of S. If P is an upper approximation consistent set,
and no proper subset of P is upper approximation consistent, then P is called an upper approximation reduct of S.

(3) If Pis not only a lower approximation reduct but also a upper approximation reduct, then P is called an approxi-
mation reduct of S.

Let S = (U,AT.f,D,g) be a complete target information system. If AT < D, then we say S is consistent, otherwise it is
inconsistent [10].

It is easy to prove that an upper approximation consistent set must be a lower approximation consistent set, but the con-
verse is not true in an inconsistent target information system. Clearly, P is a lower approximation consistent set iff P is a
upper approximation consistent set in a consistent target information system.

In particular, If D= {X}, we regard the above P as a lower approximation reduct, an upper approximation reduct and an
approximation reduct of a set X, respectively.

_ Let S=(U,AT,f,d,g) be a complete target information system, where U = {ej,e,,...,ey},AT = {P1,Py,...,Par} and
d = {X1,X3,...,X:}. In the rough set model based on multi equivalence relations, we here develop an algorithm for comput-
ing all lower approximation reducts-that is, all subsets ATq : ATo1,ATo2, . ..,ATqs of AT such that:

(1) dar, = dar; and
(2) if AT C ATy, then dyy # dar.

Algorithm 2. This algorithm gives all lower approximation reducts of the target information system S.
Let us denote the binomial coefficients by C"‘AT‘ = |AT|!/k!(|AT| — k)!.

(1) Let us denote Cll,m = |AT| singletons, one-attribute subsets, by
ATy = {P1},AT1; = {P2},... ATy = {P;},... ,ATlclm = {Puan}.

(2) Let us denote Cleﬂ = |AT|(|AT| — 1)/2! two-attribute subsets by
ATo1 = {P1,Po}, .. ATy = {P1, P}, ..., ATy = {Par-1, Pan}.

(3) Generally, let us denote ijm = |AT|!/k!(|AT| — k)! k-attribute subsets by
ATy = {P17P2>-~~7Pk}7-~~7ATkj>-~~7Ade;ﬂ = {Par) k1, - - Piar1, Par }-

(4) Notice that C/z]| = 1 |AT|-attribute subset is AT s, = AT.
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The algorithm is to search subsets of AT as follows: singletons, two-attribute subsets, ..., t-attribute subsets, and so on.
Continue up to the unique |AT|-attribute subset AT itself.
We use the following variables:

s — the number of the lower approximation reducts we have already found,

t - counting from 1 to s,

k — we are currently searching k-attribute subset ATy, and

Jj - we are currently searching the jth subset AT}; in all k-attribute subsets ATy, ..., ATy;, ... ,AchkA .

(II1) Setj«— 1,5 «— 0,k — 1;
(I12) While k < |AT| Do
je=T1
While j < Cfy; Do
fort =1 to s Do
If ATo; C ATy;, then break;
Endif
Endfor
if QATk} = QAT- then
S—S+1,ATy — ATkj;
Endif
j—j+1
Endwhile
k—k+1;
Endwhile
(I3) Output AToy,ATqa,...,ATos (s lower approximation reducts).

The time complexity of this algorithm for finding all lower approximation reducts is exponential since it checks all
subsets in 27, and [2*7| = 2"\, We know that the time complexity of computing |AT| partitions is O(JAT||UJ*) and the time
complexity of computing a lower approximation of every X e d (|d| < |U]) by ATy; (k < |AT|) is 0(\ATHU\3). Thus, the time
complexity of Algorithm 2 is

24T O(|AT||U® + |AT||U?) = O2WTAT||UP).

Example 4.1 (Continued from Example 3.1). Compute all lower approximation reducts for the complete target information
system about emporium investment project.

One can find all lower approximation reducts for this target information system in Table 1 by using the above Algorithm 2
(see Table 6).

Similar to the idea of Algorithm 2, one can design an algorithm to compute all upper approximation reducts in a complete
target information system.

However, the time complexity of Algorithm 2 is exponential so that it cannot be applied efficiently to practical appli-
cations. We here provide a heuristic algorithm based on the importance measure of lower approximation of a condition
attribute with respect to the decision attribute d to find a lower approximation reduct in complete target information
systems.

Algorithm 3. Let S= (U,AT,f,d,g) be a complete target information system, where U = {ej,ey,...,ey},AT = {Py, Py,
--~~,P|AT\} and d = {X],Xz,...,xr}.
This algorithm finds a lower approximation reduct through using a heuristic information.

Table 6

A lower approximation from Table 1.
Project Locus Population density Decision
ey Common Big Yes
e Bad Big Yes
es Bad Small No
ey Bad Small No
es Bad Small No
es Bad Medium Yes
e; Common Medium No
eg Good Medium Yes
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We use the following variables:

e AT, - it is used to record a lower approximation reduct, and
e i - we are currently searching the ith condition attribute AT; in the given sequence.

(I11) Compute |AT| condition partitions and a decision partition d;
(i2) Sort AT = {P},P},..., P}, where Sy (d) > Sp_ (d);
(I13) Seti— 1,ATy = @.
(1114) If dar, # dar, then
ATO — ATO @] P:,
i—i+1;
Endif
(II5) Found a lower approximation reduct: AT,. Output the set AT,.

The time complexity of this algorithm for computing |AT| condition partitions and a decision partition d is
O((|AT| + 1)|U}?). The time complexity of computing |AT| importance measures is O(JAT||U|>) and the time complexity of
sorting is O(|AT|log,|AT|). And the time complexity for running |AT| comparisons dar, = dar is O(|AT||UP). Thus, the time
complexity of Algorithm 3 is

O((AT| + 1)|U[* + |AT||UJ” + |AT|log,|AT| + |AT||UJ) = O(JAT]|U[’).

Let A be the set of all lower approximation reducts and B be the set of all upper approximation reducts. It is obvious that the
approximation reducts C=AnNB.

Let S= (U,AT,f,D,g) be a complete target information system, where U = {ey,e,..., ey },AT = {P1,P,,...,Par} and
D= {X1,Xa,...,X;}. We denote all lower approximation reducts of X € D by A(X) and all upper approximation reducts of
Xe Dby B(X) and all approximation reducts of X € D by C(X), respectively. And, we call Core(A(X)) the lower approximation
core of X, Core(B(X)) the upper approximation core of X and Core(C(X)) the approximation core of X, respectively.

Proposition 4.1. Let S = (U,AT,f,D,g) be a complete target information system and D= {X1,X2,...,Xr}. Then

A =()AX) and B = [ B(Xy).
k=1 k=1

Proof. They are straightforward from Definition 4.1.
We call Core(A) = N Ai(A; € A), Core(B) = N B;(B; € B) and Core(S) = () C;(C; € C) the lower approximation core, the upper
approximation core and the approximation core of a complete target information system S, respectively. O

Proposition 4.2. Let S = (U,AT,f,D,g) be a complete target information system and D= {X1,X2,...,X;}. Then

r r
Core(A) = (") Core(A(Xy)) and Core(B) = (| Core(B(Xy)).
k=1 k=1
Proof. They are straightforward. O

Clearly, we have that Core(S) = Core(A) N Core(B). In fact, the core is indispensable attribute to construct an approxima-
tion reduct. One can find Core(S) = {Locus, Populationdensity} from the target information system S in Table 1. Fig. 5 shows
the relationship between the approximation reducts and the approximation core of a target information system.

Fig. 5. Relationship between the approximation reducts and the approximation core.
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In the following, we discuss the definition of decision rule and several rule extracting methods based on MGRS in a com-
plete target information system.
If Q is a set of predictor features and d a decision attribute, then MGRS generates rules of the form

\/x":mqﬁxd:mgvxd:m}ivmvxd:mﬁ, (18)
qeQ
where X" is the attribute value of object x with respect to attribute r.

Unlike the decision rules (“AND” rules) from Pawlak’s rough set theory [16,17,20,21], the form of these decision rules is
“OR”. That is to say, they can be decomposed to many decision rules. In essence, the restriction of this kind of decision rules is
weaker than that of decision rules from Pawlak’s rough set theory, since intersection operations among equivalence classes
need not be performed in MGRS.

In the following, we present an algorithm for rule extracting in the rough set model based on multi equivalence relations.

Algorithm 4. let S= (U,AT,f,d,g) be a complete target information system, where U = {eq,ey,...,ey},AT = {Py, Py,
R 7P|AT\} and d = {X],Xz, R ,Xr}.

This algorithm extracts some certain “OR” decision rules from a complete target information system on the basis of lower
approximation reduct of a system.

We use the following variables:

e i - counting from 1 to |ATo|,

e j - we are currently searching the jth equivalence class P{ in the partition P;,

e k - counting from 1 to r,

e Rule - it is used to record decision rules extracted, and

e Ruleset - it is used to record the set containing all decision rules extracted.
(IV1) Compute a lower approximation reduct ATy = {P1,P,,...,Par,}.

(IV2) Seti« 1,j < 1,k < 1,Rule =@ and Ruleset = Q.
(IV3) While k < r Do [/all decision classes have not been checked;
While i < |ATo| Do //all condition attributes in the lower approximation reduct have not been checked;
While j < |P;| Do //all equivalence classes in the the partition P; have not been checked:;

If P{ c Xk
then Rule — Rule U dex(P)),
otherwise we ignore it; //it cannot form a certain rule;
Endif
j < j+1; /] to check next equivalence classes Pﬁ e P
Endwhile
i—i+1,j < 1;// to check next attribute P;;
Endwhile

Rule — Rule = dex(Xy), put Rule into the set Ruleset and Rule — 0;
k —k+1,i — 1; /| to check next X;;
Endwhile
(IV4) Output the decision rule set Ruleset.

We know that the time complexity of computing a lower approximation reduct is O(|AT||U \3). The time complexity of
(IV3) is O(|AT,||U|?) since it performs intersection operations between each P! and X, (see Algorithm 1). Thus, the time
complexity of Algorithm 4 is

O(|ATo||UJ* + |AT||UF*) = O(IAT||UP).

Example 4.2 (Continued from Example 3.1). Extract certain “OR” decision rules from Table 1 by using Algorithm 4.

One can find a lower approximation reduct ATy, = {Locus, Populationdensity} for this target information system in Table 1
by using the above Algorithm 2. -

In Table 1, the decision partition is decision = {X1,X,} = {{e1,e2,€5,€s},{€3,€4,€5,€7}}. By computing, their lower
approximations by two granulations L+P areas

Xir - ={e1,e2,es} and Xo- — = {e3,e4,€5}.
There are two certain “OR” decision rules extracted from Table 1 as follows:
(Locus = good) Vv (Populationdensity = big) = (Decision = Yes)

and
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(Populationdensity = small) = (Decision = No).

If we check that whether P{ N X, = @ or not based on a upper approximation reduct obtained, the algorithm for extracting
uncertain decision rules from a complete target information system also can be designed analogously.

However, Since the time complexity of Algorithm 4 based on an approximation reduct is O(JAT||U}?), it is inconvenient to
be used in practical issues. In the following, we present an improved algorithm for rule extracting in the rough set model
based on multi equivalence relations. It is worth noting that this algorithm need not compute an approximation reduct.

Algorithm 5. Let 5= (U,AT,f,D,g) be a complete target information system, where U = {eq,e,,...,ey},AT = {P1,Ps,
. 7P\AT\} and D = {)(17)(27 e 7X,—}.

This algorithm directly extracts some certain “OR” decision rules from a complete target information system.

We use the following variables:

i - counting from 1 to |AT],

Jj — we are currently searching the jth equivalence class P{ in the partition P,
k — counting from 1 to r,

Rule - it is used to record decision rules extracted, and

Ruleset - it is used to record the set containing all decision rules extracted.

(IV1) Compute |AT| partitions {137.,1/’; . ..,P‘Tﬂ}.
(IV2) Seti« 1,j— 1,k — 1, Rule = @ and Ruleset = @.
(IV3) While k < r Do //all decision classes have not been checked;
While i < |ATo| Do //all condition attributes have not been checked;
While j < |I3i\ Do /] all equivalence classes in the partition P; have not been checked:;

If P, C Xk then Rule «— Rule U dex(Pﬁ),
otherwise we ignore it; //it cannot form a certain rule;
Endif
j —Jj+1; //to check next equivalence classes P! e P:;
Endwhile
i—i+1,j<1; [[to check next attribute P;;
Endwhile
Rule — Rule = dex(Xy), put Rule into the set Ruleset and Rule +— @; k — k + 1,i — 1; /[to check next X;;
Endwhile

(IV4) Output the decision rule set Ruleset.

We know that the time complexity of computing |AT| partitions is O(JAT||U%). The time complexity of computing
intersection operations between a partition and X; € D is O(|U||X;|). Thus, the time complexity of Algorithm 5 is

O(|AT||UJ* + |AT||U|[X1| + [AT||U|IXz| + - - - + |ATI|U||X;|) = O(AT||UI* + |AT||U|(1X:| + [Xz| + - + [X;]))
= O(JAT||UP” + |AT||UJ*) = O(|AT||U}*).
This algorithm also can be run in parallel mode to compute concurrently all corresponding classifications and intersec-
tions between each partition and decision classes from many attributes. This time complexity will be O(|U[?).
Example 4.3 (Continued from Example 3.1). Extract the “OR” decision rules from Table 1 through using Algorithm 5.
There are two certain “OR” decision rules extracted from Table 1 by using Algorithm 5 as follows:
(Locus = good) Vv (Populationdensity = big) = (Decision = Yes)
and
(Populationdensity = small) v (Investment = low) = (Decision = No).

From Examples 4.2 and 4.3, we know that these decision rules extracted from the same target information systems are
dissimilar. For Example 4.3, unlike Example 4.2, the rule (Populationdensity = small) v (Investment = low) = (Decision = No)
has two parts:

(Populationdensity = small) = (Decision = No)
and

(Investment = low) = (Decision = No).
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In fact, for the target set X, = {es, e4, €5, e}, it has two lower approximation reducts Populationdensity and Investment. How-
ever, the lower approximation reduct of this target system does not contain the attribute Investment. This difference can be
easily understood by Proposition 4.1, i.e., the lower approximation reduct of a target system S is the intersection set of the
lower approximation reducts of every decision classes induced by the decision attributes.

What we want to point out is that: like the idea of Algorithm 5, one can extract uncertain decision rules from a complete
target information system through using a upper approximation reduct of every decision class.

The above results and analyses give a tentative study for knowledge discovery from multi information systems and data
analysis through multi granulations in the framework of rough set theory. For some practical applications, the two methods
SGRS and MGRS can be combined to solve problems. As mentioned in footnotes 1 and 2, distributive information systems
and groups of intelligent agents are all data analysis and problem solving from multi granulations (each information system
or intelligent agent can be regarded as a granulation or viewpoint). Rasiowa and Marek [25,26] gave mechanical proof sys-
tems for logic of reaching consensus by groups of intelligent agents. Rauszer [27-30] established rough logic for multi agent
systems and proposed approximation methods for information systems, in which there exists an ordering relation between
two information systems. MGRS proposed in this paper does not concern on logic reasoning from multi granulations, but try
to establish a study framework based on rough set theory through using multi granulations. Hence, one can say that the mul-
ti-granulation rough set model will provide a novel approach to knowledge discovery from multi information systems and
data analysis through multi intelligent agents.

5. Conclusions and discussion

In this paper, the classical single-granulation rough set theory has been significantly extended. As a result of this exten-
sion, a multi-granulation rough set model (MGRS) has been developed. In this extension, the approximations of sets are de-
fined by using multi equivalence relations on the universe. These equivalence relations can be chosen according to a user’s
requirements or targets of problem solving. This extension has a number of useful properties. In particular, some of the prop-
erties of Pawlak’s rough set model have become special instances of those of MGRS.

Under MGRS, we have developed several important measures, such as the accuracy measure «, the quality of approxima-
tion y and the precision of approximation 7, and re-interpreted them in terms of a classic measure based on sets, the Mar-
czewski-Steinhaus metric and the inclusion degree measure. An importance measure of upper approximation and an
importance measure of lower approximation have been introduced to measure the importance of a condition attribute with
respect to decision attributes as well.

In order to acquire brief rules from a target complete information system, the attribute reduction and rule extraction have
been discussed. A concept of approximation reduct has been used to describe the smallest attribute subset that preserves the
lower approximation and upper approximation of all decision classes in MGRS. Unlike decision rules (“AND” rules) from
Pawlak’s rough set model, the form of decision rules in MGRS is “OR”. Several key attribute reduction algorithms and rule
extracting algorithms have been designed as well, which will be helpful for applying this theory to practical issues. The mul-
ti-granulation rough set model provides an effective approach for problem solving in the context of multi granulations.

Standard rough set theory and multi-granulation rough set framework are complementary in many practical applications.
When two attribute sets in information systems possesses a contradiction or inconsistent relationship, or efficient compu-
tation is required, MGRS will display its advantage for rule extraction and knowledge discovery; when there is a consistent
relationship between its values under one-attribute set and those under another attribute set, standard rough set theory
(SGRS) will hold dominant position. In particular, for some practical applications in which the above two cases occur con-
currently, these two concepts can be combined to solve problems.

Further research includes how to evaluate the MGRS method in comparison with Pawlak’s original approaches and how
to extend other rough set methods in the context of multi granulations.
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