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Abstract An SVM-like framework provides a novel way to learn linear principal compo-
nent analysis (PCA). Actually it is a weighted PCA and leads to a semi-definite optimization
problem (SDP). In this paper, we learn linear and nonlinear PCA with linear programming
problems, which are easy to be solved and can obtain the unique global solution. More-
over, two algorithms for learning linear and nonlinear PCA are constructed, and all principal
components can be obtained. To verify the performance of the proposed method, a series of
experiments on artificial datasets and UCI benchmark datasets are accomplished. Simulation
results demonstrate that the proposed method can compete with or outperform the standard
PCA and kernel PCA (KPCA) in generalization ability but with much less memory and time
consuming.

Keywords Principal component analysis - Linear programming -
Support vector machine

1 Introduction

Principal component analysis is a powerful technique for extracting structure from possi-
bly high-dimensional data sets, and it has received much more attentions in many literatures
[2,5,6,9,10]. From the view point of mathematics, PCA is an orthogonal transformation of the
coordinate system in which the data are described. The new coordinate values, by which the
data are represented, are called principal components. It is often the case that a small number
of principal components are sufficient to account for most of the structure embedding in data.
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Support vector machine (SVM) introduced by Vapnik [16,17] is an elegant tool for solving
pattern recognition and regression problems, and has been demonstrated to be very valuable
for real-world applications [4,11,12,15]. Over the past few years, some researchers try to
apply SVM frame to other fields, such as PCA and one class problem [3,13,14] etc. As
far as the relationship between SVM and PCA is concerned, a kernel method for directly
performing a nonlinear form of PCA was developed by Scholkopfet al. [1]in 1998. A simple
and straightforward primal-dual SVM formulation to PCA in dual variables, which is similar
to least-squares SVM (LS-SVM, see Ref. [7]), was presented by Suykens et al. [8] in 2003.
Tao et al. [13] provided a novel way to learn linear PCA in 2007. They established an SVM-
like framework for PCA called SVPCA, where new expected risk, linear separability and
margin were defined. The concept of PCA margin may lead to a new convex semi-definite
optimization problem and as a result, the generalization bound of SVPCA can be analyzed
under the frame of statistical learning theory. The robustness of SVPCA follows from the
soft idea in SVMs as well. Since the SDP problem is convex, the corresponding learning
algorithms have no local minima. In fact, Tao et al. only solved the problem about the first
principal component line in linear PCA, as for the other principal components and nonlinear
PCA were not discussed.

In this paper, we learn linear and nonlinear PCA with linear programming problems, which
are easy to be solved and can obtain the unique global solution. Moreover, we construct algo-
rithms to obtain all principal components for PCA and KPCA. As we know, for the standard
PCA and KPCA, if the data size is large, it would need a very large memory to store kernel
matrix and a lot of time to calculate eigenvalues and corresponding eigenvectors. It should be
emphasized that the proposed method essentially attempts to use partial data points to deter-
mine all principal components. To verify the performance of the proposed method, a series
of experiments on artificial datasets and UCI benchmark datasets are carried out. Simulation
results demonstrate that the proposed method can compete with or outperform the standard
PCA and KPCA in generalization ability but with much less memory and time consuming.

The paper is organized as follows. In Sect. 2, the standard PCA, KPCA and the SVM-like
framework of linear SVPCA [13] are described briefly. In Sect. 3, the approach for learning
linear PCA with a linear programming problem is introduced, and the determining of the first
principal component by using partial points is explained in detail. Meanwhile, the correspond-
ing constructed algorithm is provided. Similarly, the approach and corresponding algorithm
for KPCA by using partial data points are illustrated in Sect. 4. Simulation experiments and
discussions are presented in Sect. 5. The last section concludes the proposed works.

2 Preliminary Knowledge

For the sake of readability of the following sections, we briefly introduce the standard PCA,
KPCA and the main results of linear SVPCA [13].

2.1 The Standard PCA and Kernel PCA
2.1.1 The Standard PCA
Principal components analysis takes an initial subset of the principal axes of the training data

and projects the data into the space spanned by the set of eigenvectors. A set of data are
projected into the subspace spanned by the first k£ eigenvectors of the covariance matrix of
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the training set for some k < / (/ is the number of training data). The new coordinates are
known as the principal coordinates with the eigenvectors referred to the principal axes.
The primal principal components analysis algorithm performs the following computation.

Input:

e adataset S = {x; }le, dimension k.
Process:

ol = % Zgzl X;

oC =13 (xi—wx —

o[U, N1 =eig(C)

ok =Uxj,i=1,...,1
Output:
e Transformed data S = {x{, X2, ..., X;)

2.1.2 The Standard KPCA

Kernel PCA is the application of PCA in a kernel—defined feature space making use of the
dual representation. The kernel PCA algorithm performs the following computation.

Input:
e adataset S = {x; }521, dimension k.
Process:
oKij =k(xi,xj),i,j=1,...,1
oK = K — 1ji'K — 1 Kjj' + 7 (' K}ij’, where j is the all 1s vector.
o[V, Al = eig(K)

ol =3 Puj =1,k
k
oX = (Zgzl ai]k(xi, x))
=1
Output:
e Transformed data S = {x{, X2, ..., X;)

2.2 Brief Introduction of Linear SVPCA

InRef. [13], acomplete SVM-like framework to learn the direction of linear PCA is presented,
where new expected risk, linear separability and margin are defined.

Consider a given training data set S = {xi}gzl, where x; € R" is independently drawn
from a distribution with density p(x). Define f : R — R", f(t) = Xo + te where t €
R, xp,e € R" and |le|]| = 1. Let the hypothesis space H be a set of all such functions and
AX, f) = {min||x —xo — te|? : t € R}

Definition 2.1 (Loss function, expected risk and empirical risk). Let f € Hy = {f(t) =
Xp +1e:Xxg = %Zle X;, lell =1, f : R — R"}. Lis defined as follows:

[0, ifAR, f)<n
L(n,x, f)= [ 1, otherwise

L is called the loss function of f about an n — PC A problem, and
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154 R. Zhang, W. Wang

errD(f,n) = /L(n, X, f)p(x)dx

/
1
erremp(f,n) = 7 E L(n,x;, f)
i=1

are called the expected and empirical risks of f about the n — PC A problem, respectively.

Definition 2.2 (The optimal component). If there exists a fy € Hp such that

err(fo,n) = min ‘/L(n,x, HpXx)dx, f € Ho]

Then fj is called the optimal component of the n — PC A problem.

Definition 2.3 (Margin, separable and maximum margin component). Let f € Hy. The mar-
ginofasamplex; (i = 1,2, ...,[)isdefinedasm(f, x;) = n—{min||x; —xo—re||?:7 € R).
The margin of a hypothesis fis defined as m(f, S) = min{m(f, x;),i = 1,2, ...,1}. If there
exists a f € Hp such that m(f, §) > 0, then the n — PC A problem is called separable. For
a separable problem, if fo € Hy satisfies m(fy, S) = max{m(f, S), f € Hp}, then fy is
called the maximum margin component.

In linearly separable cases, finding the maximal margin component can be described as
solving the following optimization problem:

max y
ecR"
T

s.t. ee=1,
n—{min||x; —xo—te|>:t e R} >y, i=1,2...,1

Let 72 = 5 — y, the above optimization problem can be reformulated as

max I"z

r.e
st. ele=1 )]
efSe>r?—r2i=12...,1

where S; = (x; — X0)(x; — x0)7,ri =| xi — X0 ||, X0 = % Zé:l x;. Note for optimization
problem (1), it is in fact looking for a specific e with the minimal margin.

Problem (1) can be changed into a ’dual’ optimization problem, and stated as the following
theorem.

Theorem 1 Let ey be the solution of problem (1). Then ey must be an eigenvector of
25:1 a?Si corresponding to the largest eigenvalue B°, where {al.o, 1 <i<1}and B°
is a solution of the following problem:
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l 1
s.t. Za;S,-eo = ey and B is the largest eigenvalue of ZaiSi
i=1 i=1
I
Dai=le=01<i<l (@)

i=1
_ T
where o = (ap,...,0)" .

Problem (2) is equivalent to the following optimization problem with linear matrix inequal-
ities constraint:

1
st > 08— Bl <0
i=1
1
Zai=1,ai20,1§i§l
i=1

where Zﬁzl a;S; — B1 < 0 represents that Zi:l «;S; — B1 is negative semi-definite. This
ia a standard SDP.

If there is no f in Hy such that m(f, S) < n, then the n—PCA problem is not linearly
separable. Similarly to SVM, by introducing the slack variables in constraints, for linearly
inseparable PCA, they formulated the following optimization problem:!

1
- C .
g v O 28
st ele=1 3)

n —{min ||x;—x0—te||2:teR}Zy—.§l-
i=1,2...,1;6>0

Let 7> =  — y, the above optimization problem can be reformulated as

1
. 2
min r°“+C &
el ; ’

st ele=1 4)
elSe>r? —r?—g,6>0,i=12...,1
where C is a predefined positive real number.
They obtained the following theorem.

I The original objective function of the optimization problem is wrong, we reformulated the objective function.
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156 R. Zhang, W. Wang

Theorem 2 Let ey be the solution of problem (3).> Then ey must be an eigenvector of
25:1 cx?Si corresponding to the largest eigenvalue B°, where {al.o, 1 <i<1}and B°
is a solution of the following problem:

l
2
iy 2t p
I i
s.t. ZaiS,'eo = Bey and P is the largest eigenvalue of Zot,-Si
i=1 i=1
I
Doa=10<0<Cl<i<l
i=1

eleg=1 )
_ T
where a = (a1, ...,07)" .

Note for optimization problem (3) and (5), it is in fact looking for a specific ey which is
the first principal component.

3 Learning Linear PCA with Linear Programming

In this section, we solve the optimization problem (5) with a linear programming problem,
which is easy to be solved and can get the unique global solution.

Considering constrained optimization problem (5), let X¢ and X be solution set and fea-
sible solution set of (5), respectively. It is clear that Xo € X. If X contains only one point,
then the point is the solution and Xo = X;.

The constraint conditions of (5) is as follows:

l l
(a) ZaiSie = Be and B is the largest eigenvalue of ZaiSi
i=1 i=1
l
b)) Dai=10<a<Cl<i<l
i=1

(c) efe=1 (6)
Due to
! 1
B = eT,Be =el ZaiSie = Za,-eTSie
i=1 i=1

the constraint conditions (6) can be equivalently transformed into the following optimization
problem:

2 € is an unit vector, we add eg eg = | to constraint conditions of the optimization problem in the Theorem 2.
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ele=1 )

Maximizing 2521 a;e’ S;e is equivalent to maximize e’ S;e for each nonnegative «;

[13]. Because S; = (x; — X)(x; — x0) is a symmetric, semi-positive definite matrix and

its rank is only one, it has only one non-zero eigenvalue c;, and ¢; > 0. In fact, ¢; =

(x;i —x0)" (X —X0) = [|Ix; —Xo||* because (x; —X0)(x; —X0)” and (x; —x0)” (x; —Xo) have

the same non-zero eigenvalues. Therefore, the optimization problem (7) can be equivalently
transformed into the following problem:

l

max CiO;

@ 4
1

s.t. Za,-:l, 0<aq <C,1<i<lI ®)
i=1

where o = (aq, .. .,a;)T

This is a linear programming problem. When C < %, Both problem (5) and problem
(8) have no solution. When C > %, problem (8) has an unique global solution «*. Hence,
o™ is the solution of the optimization problem (5) also. If 8* is the largest eigenvalue of
Zle oei* Si, ep must be an unit eigenvector of 8*, just same as stated in Theorem 2.

Based on above discussions, one of our main results is expressed in Theorem 3.

Theorem 3 Let a* = (af, ..., (xl*)T be the solution of the linear programming problem
(8), then the first principal component eq is the eigenvector corresponding to the maximum
eigenvalue about

1
Z(Xi*si = Z Ot;kSi (9)

i=1 x;€SVs
where S; = (X; — X0)(X; —X0)T and SVs = xilaf >0,i=1,2,...,1}

Remark

e When C > %, problem (8) has an unique global solution. We prove this result. For sim-
plicity, we assume that C = % and m is an integer and smaller than /, and we assume
1

thatc; > ¢2 > -+ > ¢y = cut1 > ¢, thenay = ap = -+ = o = 5, and
U+l = Apy2 = -+ = oy = 0. This means that m farthest data points to mean center
are selected.

e Suppose o* = (af,..., ozl*)T is the solution of linear problem (8). The linear prob-

lem (8) means that we select L%J data points which are the farthest points away from
the mean center xp and one can determine the first principal component by using these
points, where | x | means the minimum integer which is equal to x or bigger than x. So the
proposed simplified principal components analysis (SPCA) is an approximating method.
When all data points are considered, the proposed SPCA is the same as the classical
PCA.
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e In standard PCA , all data points are used. For a large scale data set, it needs a
very large memory to store kernel matrix and a lot of time to calculated eigenvalues
and corresponding eigenvectors. For the algorithms of PCA, we can see that differ-
ent data points play the different roles. In general, the closer the data points to the
mean center, the less important the data points contribute to PCA because their pro-
jections to an arbitrary direction are very small. So we can discard those data points
which are close to the mean center and use the rest data points to approximate the stand
PCA.

e The essence of the original optimization problem (5) is in fact looking for an unit eigen-
vector ep which is the first principal component. Either o) = o= -+ =0, = % or
ap=0ay= - =0y = 1(ant+1 =amy2=--- =0y =0), we have the same unit eigen-
vector eq corresponding to the maximum eigenvalue of Zf —1 9 S;.Soinstead of solving
linear programming problem (8), we select a given number of points which are the farthest
points away from the mean center among all given data and If x; € SV's, we let o; =1,
otherwise, we let ar; =0.

The proposed SPCA algorithm is summarized as follows:

Input:
e A data set S = {x; }le , a given number m, and contribution ratio y .
Process:
ou= % Zé:l Xi
e Calculating ¢; = (x; — wTx; — )
e Selecting m data points which are the farthest points away from the mean center.
The set of SVs consists of these selected data.
eB= Y (xi —x0)(x; —x0)T.
x;eSVs
o [U, A\l=eig(B)
e Sorting descensively the eigenvalues {X; }ﬁzl and rearranging their
corresponding eigenvectors. For simplicity, we use the same symbols U and A.
e Determining the dimension k according to the following formula (10) for a
given contribution ratio y.

o =Ulxii=1-,1
Output:
oS* ={x],x3,---, X))

Where [U, A] = eig(B) is the characteristic decomposition of B, and Uy is a matrix
composed of the first k columns of U. The dimension k can be determined according to the
following inequality:

k
K
Zl:l L > y (10)

7 >
Zi:l Ai

where A > Ay > --- > ); are eigenvalues of B, and y is called contribution ratio, which is
generally selected as 0.70-0.95.

4 Learning Nonlinear PCA with Linear Programming

In this section, we discuss kernel PCA through solving a linear programming problem.
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For the input domain X', a map
X - H,x+— O(x) (11)

is usually nonlinear, and the feature space H could have an arbitrarily large (even infinite)
dimension. Again, we assume that we are dealing with centered data, {® (x;) — @0}5:1 , where

Oy = % 25:1 ®(x;) is mean center in feature space.
In this situation, we rewrite the linear programming problem (8) as follows:

l
max E Cit;
o
i=1

1
s.t. Za,»:l,cza,»zo,lgigz 12)
i=1

where @ = (a1, ..., o)7, ¢i is the unique positive eigenvalue of
Si = (D(x;) — Po)(P(x;) — Do)
and
ci = (P (x;) — Do)’ (P(x;) — Do)
2 1<
:K(xi,xi)—YEK(xi,Xj)—I—ﬁijz_lK(X,‘,Xj) (13)

where K (x, y) = ®(x)7 ®(y) is a kernel function.

Let o* = (af, ..., ozl*)T be the solution of (12). Without loss of generality, suppose
af >0,...,0f >0,andoz,’f_H =ot,f+2 =-.=qa =0.

By a transformation

Dix; > Jar(Px) — Do) i=1,....k (14)
the covariance matrix takes the form

1 k k
DooiSi= S =D e (@) — ) (@(x)) — o)

i=1 i=1 i=1

k
= > dx)P (x) (15)

i=1

The corresponding kernel matrix K is defined as:

Kij = BT (x)B(x)) = \Jaf (@(x) — bo)T [l (@(x)) — @)

! !
1 1
=,/05;ka;<{K(Xi,Xj)_7 E K(Xi,Xj)—j E K(x;i,X;)
i—1

j=1
1 1
+5 > K& x)) forij=1....k

i,j=1
Kij=0, fori,j=k+1,...,1L (16)
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Thus the kernel matrix is sparse, only k2 entries in kernel matrix K need to be stored.
The proposed algorithm, namely the simplified kernel PCA (SKPCA), is summarized as
follows.

Input:

e A dataset S = {x; }le , a given number m and contribution ratio y.
Process:

e Calculating ¢; according to (13)

e Selecting m data points which are the farthest points away from the mean center.
The set of SVs consists of these selected data. If x; € SVs, weleta; = 1, otherwise,
we leta; = 0.

olfx;,x; €8 Vchalculating Ei j according to (16)

o[\, \1=reig(K)

e Sorting descensively the eigenvalues {A; }gz | and rearranging their correspond-
ing eigenvalues. For simplicity, we use the same symbols \/ and A.

eDetermining the dimension k according to the formula (10) for a given contri-
bution ratio y.

J=_1 . i—=
j _\/)ij"’j_l""’k

oxf ={ > B Kxi %),
x;eSVs

Output:
oS* ={x],X3,..., X))

5 Experiments and Discussions

To verify the proposed approaches, three examples are provided. The first one is used to
illustrate the difference of the first principal component between SPCA and the standard
PCA on two artificial and ten UCI benchmark datasets. ||y — e;| denotes that difference,
where ey and e represent two normal vectors corresponding to the first principal compo-
nents of PCA and SPCA, respectively. To further testify the generalization performance and
dimension reduction ability of SPCA and SKPCA, in the second and third examples, some
comparison experiments are implemented on UCI data sets for classification problem. All
UCI benchmark datasets used in the experiments are listed in Table 1. All experiments are
carried out by using Matlab 7.01, and on a 2.0 GHz Intel(R) Pentium(R) D CPU machine
with IKMB RAM.

Example 1 We use two synthetic and ten UCI benchmark datasets to illustrate the difference
between SPCA and the standard PCA. Two synthetic data sets are

(1) 100 data points with two attributes are generated from an uniform distribution within
the rectangle [—0.5, 0.5] x [—0.5, 0.5].

(2) 200 data points with five attributes are generated from a normal distribution with mean
zero and standard deviation one.

One, ten, twenty, to hundred percent of data are respectively used to determine the first
principal component and the norm err £ ||y — e1]. The smaller the err, the closer the first
principal component lines between SPCA and the standard PCA. The corresponding err
results are listed in Table 2.

From Table 2, it can be observed that the difference err £ |eg — e || descends with incre-
ment of the percent of the data for almost all data sets. When the percent reaches 100, the
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proposed SPCA is the same as the classical PCA, and ey is equal to e;. For synthetic datasets
(1) and (2), with only 10 and 40% of data the err can be lower than 0.1, which means the first
principal component lines by SPCA and PCA are very close. For UCI benchmark datasets,
in the case of err < 0.1, 1% for banana dataset, 10% for waveform, 20% for thyroid, 50%
for image, 60% for titanic, 70% for breast-cancer and diabetic, 80% for heart, 90% for splice
and German are needed. Therefore, only based on partial data, one can determine the first
principal component line very well.

The first principal component lines determined by the proposed SPCA and the standard
PCA are showed in Fig. 1. Here, synthetic data (1) and banana data set are selected.

From Fig. 1, it can be seen that the first principal component lines determined by the
standard PCA and the proposed SPCA are close very well, but the latter only uses one, ten
and twenty percents of data points among the whole data sets, respectively. This means the
proposed SPCA method is very effective and practical.

Example 2 ' We apply the standard PCA and the proposed SPCA to classification problems.
The accuracy of classification, dimension reduction, and CPU time of feature decomposition
are verified on seven datasets from the UCI benchmark repository. In this example, con2tri-
bution ratio y is respectively selected as 0.7, 0.8, 0.9. Gaussian kernel k(x, y) = e HJZCUZ)H is
used with o = 0.5. The comparison results are listed in Tables 3, 4, 5 where mean and std
represent the mean value and standard deviation, respectively.

From Tables 3, 4, 5, it can be seen that with different contribution ratios, the SPCA
behaves very well for classification performance, dimension reduction and training time.
When y = 0.7, the experiment results on three datasets (splice, waveform and thyroid) by
SPCA exceed that by the classical PCA, and there are slight difference on three datasets
(German, heart and breast-cancer). Only on one dataset (image), the performance of SPCA
is inferior to that of PCA. When y = 0.8, comparing with classical PCA, the numbers
of superior, equivalent and inferior performance on datasets by SPCA are respective four
(splice, waveform, heart and breast-cancer), two (German, and thyroid) and one (image).
When y = 0.9, only the performance on image by SPCA is worse than that by PCA.

In general, one can select the contribution ratio y = 0.8 for PCA by experience. The
experiments also support that the choice of y = 0.8 is appropriate. In this situation, except
for image and German data sets, the proposed SPCA only needs 10% of data to determine

Table 1 The used benchmark data sets from UCI benchmark repository

Dataset No. of attributes No. of training set No. of testing set No. of examples
Banana 2 400 4900 1,3
Titanic 3 150 2051 L3
Thyroid 5 140 75 1,2,3
Waveform 21 400 4600 1,2,3
Image 18 1300 1010 1,2
Splice 60 1000 2175 1,2,3
Breast-cancer 9 200 77 1,2,3
German 20 700 300 1,2,3
Heart 13 170 100 1,2,3
Diabetic 8 468 300 1,3
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Fig. 1 The first principal component lines determined by SPCA and PCA. a, b are for synthetic data (1),
and ¢, d are for Banana dataset. The dashed line and the solid line are the first principal component lines
determined by SPCA and the standard PCA, respectively. The solid point is mean center. The diamond points
are selected to determine the first principal component by SPCA. 1% of data points are used by SPCA in a
(one data point) and ¢ (four data points). 10 and 20% of data points are used by SPCA in b (ten data points)
and d (eighty data points), respectively

all the principal components, meanwhile, one can obtain more higher accuracy, much less
CPU time and more lower dimension than the PCA method does. For German data set, 40%
of data are needed to determine all principal components and similar result can be obtained.
For image data set, 80% of data are needed, and the accuracy is slight lower than that of
PCA. The error between PCA and SPCA is 0.3%. All the experiment results in this section
show that the proposed SPCA method could compete with or outperform the standard PCA
in generalization performance but with much less memory and time consuming.

Example 3 We apply the standard KPCA and the proposed SKPCA to classification prob-
lems. Similarly, the classification performance, dimension reduction, and the CPU time are
testified.

The contribution ratio y is just selected as 0.8. In KPCA and SKPCA, Gaussian kernel

—lx=yI?
k(x,y) =e 202 isstill used with o = 0.5. The comparison results are listed in Tables 6.
From Table 6, it can be seen that the SKPCA behaves very well for classification perfor-
mance, dimension reduction and training time similar to the SPCA does. When y = 0.8,

only on two datasets (banana and heart), the classification accuracy of the SKPCA is a little

@ Springer
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lower than that of the KPCA. In these cases, the used data are not exceeded to 40% of the
whole data, and satisfactory results can be achieved. Therefore, taking one with another, the
proposed SKPCA is effective and practical.

6 Conclusions

The contribution of this paper is that we learn linear PCA with linear programming, and extend
this method to kernel PCA. Comparing with solving a semi-definite programming problem,
the proposed method could learn linear and nonlinear PCA easily, and guarantee obtaining
the unique global solution. Moreover, the proposed method can use partial data points to
determine all the principal components, and so the store memory and time consumption can
be saved consumedly.

To validate the performance of the proposed method, three tests are carried out. The results
of Test 1 show that the first principal component lines determined by the standard PCA and
the proposed SPCA are close to each other very well, but the latter only use a few data points.
Test 2 and 3 illustrate that the proposed SPCA and SKPCA can compete with or outperform
the standard PCA and KPCA in generalization ability, but they only need much less mem-
ory and time consuming. Therefore, the proposed methods are very efficient and practical.
As for how to select partial data points and how much data points play important roles in
determining the principal components will be reported in the further studies.
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