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Rough set theory is an important approach to granular computing. Type-1 fuzzy set theory
permits the gradual assessment of the memberships of elements in a set. Hybridization of
these assessments results in a fuzzy rough set theory. Type-2 fuzzy sets possess many advan-
tages over type-1 fuzzy sets because their membership functions are themselves fuzzy, which
makes it possible to model and minimize the effects of uncertainty in type-1 fuzzy logic sys-
tems. Existing definitions of type-2 fuzzy rough sets are based on vertical-slice or -plane
representations of type-2 fuzzy sets, and the granular structure of type-2 fuzzy rough sets has
not been discussed. In this paper, a definition of type-2 fuzzy rough sets based on a wavy-slice
representation of type-2 fuzzy sets is given. Then the concepts of granular type-2 fuzzy sets
are proposed, and their properties are investigated. Finally, granular type-2 fuzzy sets are used

Upper approximation operator to describe the granular structures of the lower and upper approximations of a type-2 fuzzy

set, and an example of attribute reduction is given.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Since the theory of type-1 fuzzy sets was proposed by Zadeh in 1965 [21], it has been widely used in many areas of artificial
intelligence. However, according to Mendel [10], there exist at least four sources of uncertainty in type-1 fuzzy logic systems:
(1) the meanings of the words used in rule antecedents and consequents may be uncertain (the same word may mean different
things to different people ); (2) the consequents may have a histogram of values associated with them, especially when knowl-
edge is extracted from a group of experts, all of whom do not agree with each other; (3) the measurements that activate a type-1
fuzzy logic system may be noisy and therefore uncertain; and (4) the data used to tune the type-1 fuzzy logic system parameters
may also be noisy. All these uncertainties lead to uncertain fuzzy set membership functions.

Type-2 fuzzy sets were introduced by Zadeh [22] as an extension of the concept of type-1 fuzzy sets (ordinary fuzzy sets).
Type-2 fuzzy sets can be used to describe the four kinds of uncertainty listed above because the membership functions of type-2
fuzzy sets are themselves fuzzy. However, type-2 fuzzy sets are nowhere near as widely used as type-1 fuzzy sets.

The secondary membership functions for general type-2 fuzzy sets are too difficult to construct and too complex to compute,
and only a special kind of type-2 fuzzy set, the interval type-2 fuzzy set, is widely used because its secondary membership grades
are equal to one. In other words, the membership degree of every element in the universe is characterized by a sub-interval of
[0, 1], and any of the values in the sub-interval can be assigned as the membership degree, with each value having the same
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probability. However, in practice, the probabilities of the values in the sub-interval may follow another distribution, such as the
normal or triangular distribution [9].

In 1982, Pawlak proposed the theory of rough sets as a new mathematical tool for reasoning about data. Rough set theory has
been under development for thirty years and has been successfully used in various fields of artificial intelligence such as expert
systems, machine learning, pattern recognition, decision analysis, process control and knowledge discovery in databases [15].
Traditional rough set theory is based on an equivalence relation, which seems to be a very restrictive condition that may limit
the applications of the rough set model. For example, the values of attributes may be both symbolic and real-valued, in which
case they cannot be manipulated by traditional rough set theory. Two close values may differ only as a result of noise, but in
traditional rough set theory, they may be considered to be of different orders of magnitude. To overcome these shortcomings,
Dubois and Prade [4] combined fuzzy sets and rough sets by proposing definitions of rough fuzzy sets and fuzzy rough sets in
1990, after which many studies were carried out in the field of fuzzy rough sets. Shen and Jensen [ 18] proposed an approach that
integrates a fuzzy rule induction algorithm with a fuzzy rough method for feature selection. Jensen and Shen [5] provided an
interval-valued approach for fuzzy rough feature selection, which could handle missing values and uncertainties that could not
be modeled by a type-1 approach. Wu et al. [20] proposed an attribute reduction method within the interval type-2 fuzzy rough
set framework and presented the properties of interval type-2 fuzzy rough sets. To date, most research in fuzzy rough sets has
been restricted to ordinary (type-1) fuzzy environments and interval type-2 fuzzy environments [1,3,6,7,17,23-25,27,28].

The point-valued representation is usually the starting point for understanding or describing a general type-2 fuzzy set, but it
does not seem to be useful for much of anything else [13]. In addition, there are three other popular representations for a type-2
fuzzy set: the vertical-slice representation, the wavy-slice representation (which is also called the Mendel-John representation or
an embedded type-2 fuzzy set representation), and the a-plane representation. Based on vertical-slice representations of type-
2 fuzzy sets, Wang [19] investigated type-2 fuzzy rough sets on two finite universes of discourse using both constructive and
axiomatic approaches and discussed the topological properties of type-2 fuzzy rough sets. Using a-plane representation theory,
Zhao and Xiao [26] presented definitions of general type-2 fuzzy rough sets and studied some basic properties of upper and
lower approximation operators. In addition, they examined the connections between special general type-2 fuzzy relations and
general type-2 fuzzy rough upper and lower approximation operators and characterized various classes of general type-2 fuzzy
rough approximation operators using an axiomatic approach. Many properties were proposed in [19] and [26], but no discussion
of the granular structure of type-2 fuzzy rough sets was included.

According to Pedrycz, “Information granules are intuitively appealing constructs, which play a pivotal role in human cogni-
tive and decision-making activities. We perceive complex phenomena by organizing existing knowledge along with available
experimental evidence and structuring them in a form of some meaningful, semantically sound entities, which are central to all
ensuing processes of describing the world, reasoning about the environment, and supporting decision-making activities” [16].
In classical rough set theory, lower and upper approximations are defined as unions of certain sets, exhibiting a clear granular
structure over sets. Chen et al. [2] proposed the concept of granular fuzzy sets based on fuzzy similarity relations and described
the granular structures of the lower and upper approximations of a fuzzy set within the framework of granular computing. The
wavy-slice representation of a type-2 fuzzy set in terms of embedded type-2 fuzzy sets is most valuable in theoretical studies
because it quickly leads to the structure of the solution to a new problem. To discuss the granular structure of type-2 fuzzy rough
sets, a model for type-2 fuzzy rough sets is proposed here using the wavy-slice representation of a type-2 fuzzy set presented
by Mendel and John [12]. Here the conclusions of Chen et al. are extended by proposing the concept of granular type-2 fuzzy
sets and investigating their properties. Then these granular type-2 fuzzy sets are used to describe the granular structures of the
lower and upper approximations of a type-2 fuzzy set. Finally, an example of attribute reduction within a type-2 fuzzy rough
framework is presented.

The rest of this paper is organized as follows. Fundamental concepts and properties that will be used in this paper are reviewed
in Section 2. Section 3 introduces the definition of a type-2 fuzzy rough set based on the wavy-slice representation. In Section 4,
the granular structure of type-2 fuzzy rough sets is discussed using granular type-2 fuzzy sets. Conclusions are presented in
Section 5.

2. Preliminaries
This section will review some basic notions and properties related to type-2 fuzzy sets, rough sets, and fuzzy rough sets.

2.1. Type-2 fuzzy sets

Definition 1 [12]. Let X be a nonempty universe of discourse. A type-2 fuzzy set, A, is characterized by a type-2 membership
function 15 (x, u), wherex e Xand u € Jy € [0, 1], i.e,,

A={((xw), pa(x w)|x e X, u e Jx < [0, 1]},

inwhich 0 < pz(x,u) < 1. A can also be expressed as
A= / [z () /(). € [0, 1], Q)
xeX Juely

where // denotes union over all admissible x and u. The class of all type-2 fuzzy sets of the universe X is denoted by F(X).
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Definition 2 [12]. At each value of x, say x = X, uz(x', u) is called a vertical slice of ;4(x. u), i.e.,
pax =X u) = pi(x') = ) Se@/uJy <[0,1],
uely

where fy = j;(x') and 0 < f, (u) < 1.Itis permissible to drop the prime notation on 14 (x"), and to refer to 1 5(x) as a secondary
membership function; it is a type-1 fuzzy set, also referred to as a secondary set. The amplitude of a secondary membership
function is called a secondary grade.

A type-2 fuzzy set can be reinterpreted as the union of all secondary sets, i.e.,

A={(x puz(0))lx e X},
or, as

A= maon=[ | » Fuwu]

Definition 3 [12]. The domain of a secondary membership function is called the primary membership of x. In Definition 2, J,,
is the primary membership of x. Uncertainty in the primary membership of a type-2 fuzzy set A consists of a bounded region
called the footprint of uncertainty (FOU), which is the union of all primary memberships, i.e.,

FOU(A) = | Jx.
xeX

In 2002, Mendel and John [12] presented a new representation for type-2 fuzzy sets to make these sets much easier to
understand and to work with. They assumed that X and Jx are both discrete (either by problem formulation, or by discretization
of continuous universes of discourse), that X has been discretized into N values, X1, ..., xy, and that at each of these values, Jy,
has been discretized into M; values. For simplicity, the definition of a discrete type-2 fuzzy set is first introduced.

Definition 4 [11]. A partially discrete type-2 fuzzy set is one whose primary variable is discrete (sampled), but whose secondary
membership functions are continuous, whereas a discrete type-2 fuzzy set is one whose primary variable and secondary mem-
bership functions are discrete (sampled).

A discrete type-2 fuzzy set A can be expressed as:

N
> ui/x=>Y" [Z fx(u)/u} ZEDS [ > f (u)/u]/x,-

xeX xeX L uey i=1 Luely

A

M; My
D fa i) /g | /X144 | D Fy () /Ui | /Xy

k=1 k=1

In this equation, + also denotes union. Note that x has been discretized into N values and that at each value x;, u has been
discretized into M; values.

Definition 5 [12]. For a discrete type-2 fuzzy set A, an embedded type-2 set A, has N elements, where A, contains exactly
one element from Jx, . Jy,. . ... Jxy. namely uq, up, ..., uy, each with its associated secondary grade, namely fy, (u1). fx, (u2). ...,
fo (un), ie.,

N
A= [f)/ul/xi.  ujely, <[0.1].
io1
Set A, is embedded in A, and there are a total of [T, M; Ae.

Definition 6 [12]. For a discrete type-2 fuzzy set A, an embedded type-1 set A, has N elements, one each from Jxgs Jgs s Jays
namely uq, up, ..., uy, i.e.,

Ae =ui/x;,  u; €y, €[0,1].

Set A is the union of all the primary memberships of set A, and there are a total of ]'[f’:1 M; Ae.

Theorem 1 (Representation Theorem [12]). Let Aé denote the jth embedded type-2 set for a discrete type-2 fuzzy set A, i.e.,
A ={(ul. fo(u))i=1,....N}

where u{ e {uj. k=1,.... M;}. Then A can be represented as the union of its embedded type-2 sets, i.e.,
~ n ~
A=Y Al
j=1

wheren =[N, M;.
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The Representation Theorem provides a new representation for a type-2 fuzzy set in terms of so-called wavy slices.

Theorem 2 [12]. Consider two discrete type-2 fuzzy sets A and B, where

A= "puz/x=>y" fo(u)/u]/x, Jico.1]

xeX xeX | uefy

and

B=3 us@mx=3_ |3 gx(w)/w} /x ¢ <10.1]

xeX xXeX | wel

Using the Representation Theorem, these can be expressed as:

oo Nyl
A:ZAé:Z fX,( l)/ i
=1

=1 et i
and
n ng N j j
o g whw]
Y E=Y Y -
- " Xi
j=1 j=1i=1

The union of two type-2 fuzzy sets A and B is given as:

A Mp : . . . . . . .
A UB = Z Z {[f)n (u{) * 8x (Wll)/u{ VWX 4+ [ fa (ufv) *ng(W;v)/u;V Vv W;V]/XN},
j=1 i=1
and the intersection of two type-2 fuzzy sets A and B is given as:

]

Aﬂé:ZZ {[fm (u{) * 8x (WH)/U{ /\Wi1]/xl +ot [fXN(u{;J) *ng(W;\/)/u{;; AW}\/]/XN}s

j=1 i=1

where « is a t-norm. In the following, « is taken as the largest t-norm, i.e., the minimum. The complement of the type-2 fuzzy set A is
given as:

A N . .
A =3 (Z[fx,» (u)/(1 - Uf)]/xf)

j=1 \li=1
or
N

N /M A . ~
A=Y (Z[fxi w)/(1 - u{)])/xl- = 3 —Ak) /%

i=1 \j=1 i=1

where — denotes the so-called negation operation and

M; ) .
—-A(Xi) = Z[fxl(uf)/(l - ulj)]

j=1
is the negation of the secondary membership function A(x;).

Because the union and intersection of A and B are still type-2 fuzzy sets, an expression for jt i) and p . 5(x) can be obtained
as follows:

Pas®) =Y > filt) x g (W) /uv w = pz(x) U (%),
ueff wely

Ming(X) =Y Y W) »ge(W)/u Aw = p1z(x) 1 (%),

uefy wely

where U denotes the so-called join operation and 1 denotes the so-called meet operation. The notations zt;(x) U j15(x) and
Mz (x) M z(x) are used here to indicate the join and meet operations between the secondary membership functions i ;(x) and

gx).
Definition 7. For two type-2 fuzzy sets A and B, A < Bifand only if An B = A.
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For two discrete type-2 fuzzy sets A and B, if they have unique embedded type-2 sets, i.e.,

N N
= S (i) /u 5 8y, (W) /w;
A= R It = oty /1
Z % and B Z N
i=1 i=1
then A c B if and only if u; < w; and fo (i) < g (wy) (Vi=1,....N).
For a family of discrete type-2 fuzzy sets with unique embedded type-2 sets

N ¢(m) g, (m) (m)
Alm) _ Z fxx (uix )/ui . med.
i

i=1
where 6 is a finite index set, the union of these type-2 fuzzy sets is:

A = 3 et K" Vi ™

Xi

5

mef i=1

and the intersection of these type-2 fuzzy sets is:

Xi

mef i=1

Example 1. Consider three type-2 fuzzy sets on X = {x1, X3, X3, X4}:

im _ 1/0 N 0.8/0.3 N 1/0.6 N 0.5/0.2’
X1 X2 X3 X4
o _ 1/04 07/04 1/1 1/05
X1 X2 X3 X4
j»_05/1 1/08 09/03 05/0
X1 X2 X3 X4
then
AV UA® yA® - 93/ 07/08 091 05/0.5
X1 X2 X3 X4
A A i@ e — 0:5/0 N 0.7/0.3 N 0.9/0.3 N 0.5/0
X1 X2 X3 X4

Definition 8 [8]. Let X and Y be two nonempty universes. A type-2 fuzzy set R € F(X x Y) is defined as a type-2 fuzzy relation
from X to Y.If X =Y, then R is called a type-2 fuzzy relation on X.

Definition 9. Let X be a nonempty universe, and let R be a type-2 fuzzy relation on X.

1. Ris reflexive if for any x € X, R(x, x) = 1/1.
2. Ris symmetric if for any x, y € X, R(x, y) = R(y, x).
3. Ris transitive if for any x, y € X, R(x, y) > Uex (R(x, 2) nR(z, y)).

A type-2 fuzzy relation R on X is called a type-2 fuzzy similarity relation if R is reflexive, symmetric, and transitive.

Example 2. Let X = {a, b, c}, then
11 108 1,08 108 1/1 05,085 1/08 0.5/085 1/1
@a) @b (@0 (o ®b  (bo (ca @b o

is a type-2 fuzzy similarity relation.

R=

Assume a discrete type-2 fuzzy relation R from X to Y, where X = {X1,...,xp} and Y = {y;, ..., y¥m}. The Ith embedded type-2
relation R. can be expressed as:

R'Ie = {(uzjsfx,-y,-(ui'j))vi: L,...omj=1,....m}

where ugj € {ujjelk =1,..., Mj;}. The uy; represent the members of the primary membership set for a given pair (x;, y;), and Mj;
are the number of u in that vertical slice.

The Representation Theorem shows that a discrete type-2 fuzzy set is the union of its embedded type-2 sets, which is also
true for a discrete type-2 fuzzy relation:

ng n om
R=>"R, where ng=]]]]My
=1

i=1 j=1

because a type-2 fuzzy relation is a type-2 fuzzy set in essence.
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In 1975, Zadeh proposed the Extension Principle for fuzzy sets [22], which is essentially a basic identity enabling the domain
of a mapping or a relation to be extended from points in U to fuzzy subsets in U. This paper reviews the statement of the Extension
Principle and presents a version following Mendel and John [12].

Let A, Ay, ..., Ar be type-1 fuzzy sets in Xq, X, ..., Xy, respectively. Then a type-1 fuzzy set B can be induced on Y from the r
type-1 fuzzy sets Ay, Ay, ..., Ar through f, i.e., B= f(A1,A,, ..., A;), such that:

. ieorq
ws(y) = {;L’lp(xl ..... x)ef-1(y) mln{“A, X1), .04 Ha, (Xr)}s i£ §71 g% i g

where f~1(y) denotes the set of all points x; € X, ..., X € X; such that f(x{,....x;) =y.

2.2. Rough sets

Let X be a finite and nonempty universe, and let R € X x X be an equivalence relation on X, i.e., R is reflexive, symmetric, and
transitive. The pair (X, R) is called an approximation space. A mapping [ - |z: X — 2X can be defined as: [x]g = {y e X : (x.y) € R}.
The subset [x]r is the equivalence class containing x. The family of all equivalence classes {[x|g: ¥ € X} is known as the quotient
set and is denoted by X/R. The quotient set X/R defines a partition of the universe X, namely a family of pairwise disjoint subsets
whose union is the universe. If two elements x and y in X belong to the same equivalence class, x and y are said to be indiscernible.
Under the equivalence relation, a coarsened view of the universe is obtained. Given an arbitrary set A C X, it may not be possible
to describe A precisely in (X, R), in which case A may be characterized by a pair of lower and upper approximations defined as
follows:

RA=U{[x]r : [x]r €A} = {x e X : [x]r C A},
RA=U{[X]g: [x]rNA#£ 0} ={xeX :[x]gNA#£0} =U{[x]z : x € A}.

The lower and upper approximations have another equivalent description obtained by using the intersections of complements
of certain equivalence classes [2]. Suppose that R is an equivalence relation on X, then for A C X:

RA=n{([x]p)* : x € A}, RA=n{([x]) : A c ([x]p)}.

2.3. Fuzzy rough sets

It is widely accepted that the concepts of fuzzy sets and rough sets are related but distinct and that both arise because of
uncertainty in knowledge or data. Fuzzy rough sets encapsulate these two concepts and are able to deal better with uncertainty.
Dubois and Prade [4] pioneered the concept of rough fuzzy sets and fuzzy rough sets. Here, the definition of fuzzy rough sets
proposed by Dubois and Prade is briefly introduced with some notations modified.

Definition 10. Let X be a nonempty universe, R be a fuzzy binary relation on X, and F(X) be the fuzzy power set of X. For any
A € F(X), the fuzzy rough set of A is a pair (R.(A), R*(A)) such that for every x € X:

R (A)(x) = sup min{R(x, y). ua(y)}. (2)
ye
R.(A)(x) = jlg){max{l =R, ). a()}. 3)

3. Type-2 fuzzy rough sets

Rough set theory is a mathematical approach to imperfect knowledge, whose methodology is concerned with the classifica-
tion and analysis of imprecise, uncertain, or incomplete information and knowledge. In this section, type-2 fuzzy rough sets will
be defined by combining rough sets and type-2 fuzzy sets.

Let A be a discrete type-2 fuzzy set on X and R be a discrete type-2 fuzzy relation on X, where X = {xq, X3, ..., xn}. By the
Representation Theorem, A and R can be expressed as: A = 2?11 AlandR= Y J* Rl where

N
AL =Y [f)/ull/xi,  xie X ul ey, <[0,1] (4)
i=1
and
5 N
Rle = Z [g(xp,yq) (vé)q)/v;)q]/(xp’yq)’ (va}’q) e X x X’ U;Jq e](xp,yq) < [O’ 1] (5)
p.q=1

are embedded type-2 sets.
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The upper and lower approximation operators can be defined as follows:

g Na

RA) =YY RL(AD. (6)
=1 j=1

R = 305 RLGAD. 7
I=1 j=1

It is clear that to define the upper and lower approximation operators, it is necessary to evaluate RL(A%) and RL(A)) (Y I, j).
Because a type-1 fuzzy set can be regarded as a special type-2 fuzzy set with all secondary grades equal to unity, it seems

sensible to use the definition of a (type-1) fuzzy rough set as a starting point for the discussion of type-2 fuzzy rough sets.
Recall that A} and RL are the embedded type-1 sets associated with A and R., i.e.,

N
AL =Y ul/xi. xeXoul ey 10,1,
i=1

N
Ro= > Uh/(Xp.¥g),  (Xp.¥g) € X x X, Vg €J, y,) < [0.1].

p.q=1
By (2)and (3),

_ N N ‘

RL(AD) = Z \/ [RL(Xiv.Vm) /\Ag(}’m)]}/xi
i=1 m=1
N[N _
i=1 | m=1

Riah = 31 A1 - Ry vAzcymn}/xi
i=1 m=1

Il
M=

N
ALQ=vh) v uf;l}/xi,

m=1

i=

1
and the above can be expressed as two type-2 fuzzy sets as follows:

o ) N N .
R = 3 1/ VIR Gy AAzcymn}/xf
i=1 m=1
N [ N ‘
=y I/V(vfmAuqu)]/xi,
i=1 m=1
. N ( N .
R(AD = 311/ AL(T = R ym)) vAé(Vm)]}/Xf

m=1

Il
-

[
M=

N
1/ \IA=vi) v ufﬂl}/x,a
1 m=1

In the type-2 case, the Extension Principle can be used to produce the secondary grades, leading to the formulation below:

. N N ) N )

R(AH =Y { I\ 6y Vi) A fin @)1/ \/ Wiy A thy) }/x,-, (8)

o 17\]1 m;l | m;l |

R@AH=Y" { I\ (& W) A Fr @)1/ A\ L1 = V) v um}/x,-. (9)
i=1 m=1 m=1

Then, E(A) and R(A) can be deduced from (6) and (7).

Definition 11. Let A bea discrete type-2 fuzzy set on X, and let R be a discrete type-2 fuzzy relation on X, where X =
{x1.%2, ... X} IfA = 2711 Aland R= Y ® R., where

N
AL =31 W)/l 1/x;
i=1
and
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N
= Z [g(xp,yq) (U;q)/vgq]/(xp7yq)

p.q=1

are the embedded type-2 sets, a type-2 fuzzy rough set is a pair (R(A), R(A)) such that

ng N4

RA) =33 R(A).
=1 j=1

R@A) = Z nﬁg(ﬁé),
=1 j=1

where

N N
RL(AD) Z{ I\ 86w Wh) A fien @D/ \/ Wy A u,f;)}/xi,

i=1 m=1 m=1
N N N

R(A) =Y { I\ 863w Vi) A fin )]/ AT =04) v U#]}/xi-
i=1 Um=1 m=1

The pair (X, R) is called a type-2 fuzzy approximation space. The mappings R : F(X) — F(X) and R: F(X) — F(X) are re-
ferred to as the lower type-2 fuzzy rough approximation operator and the upper type-2 fuzzy rough approximation operator
respectively.

If Ris a type-1 fuzzy set, that s, ng = Tand R = Y 4 (1/Vpq)/(xp.¥q). then:

R = zmm_zz{Amw»va%ﬁm
m=1

j=1i=1 Um=1
N
RA) - ZMM—ZZ{AmwwAm—%W%wm
j=1i=1 Um=1 m=1

Furthermore, if both R and A are type-1 fuzzy sets, that is, ng =n4 =1 and R = Z’I\,’_q:1 (1/vpg)/ (Xp.Yq), A= Zf'zl (1/u;) /%4, it
follows that

— N N

R(A) = Z {1/ \/ (Vim /\um)}/xi,
i=1 m=1

. N N

RA =Y {1/ AL = vi) vuml}/x,-,
i=1 m=1

which is exactly in accordance with the definition of a fuzzy rough set.
Example 3. Fig. 1 depicts a type-2 fuzzy set defined on X = {x, x5, X3}:
A=(0.8/0.4)/x; + (1.0/0.8)/x1 + (0.6/0.8) /x5 + (0.5/0.4) /x3 + (0.3/0.8) /x5. (10)
Note that M4 =2, M4 = 1, M4 =2, and ny = M{M4M# = 4. Hence, there are four embedded type-2 sets, namely
Al = (0.8/0.4)/x; + (0.6/0.8) /X, + (0.5/0.4) /3,
A% = (1.0/0.8)/x; + (0.6/0.8) /X, + (0.5/0.4) /3,
A3 = (0.8/0.4)/x; + (0.6/0.8) /x; + (0.3/0.8) /X3,
A% = (1.0/0.8)/x; + (0.6/0.8) /X, + (0.3/0.8) /3, (11)
andA=y1% AL
Consider a type-2 fuzzy relation (Fig. 2) on X:
R = (0.5/0.8)/(x1, 1) + (0.6/0.4) /(x1.X2) + (1.0/0.8)/(x1. x2) + (1.0/0.4) / (X1, X3) + (0.2/0.8) /(x2. X1)
+(0.9/0.8)/(x2, x2) + (0.6/0.4) / (X2, x3) + (0.1/0.8) /(x2, x3) + (0.3/0.8) /(x3, X1)
+(0.8/0.4)/(x3,x3) + (1.0/0.4) /(x3,x3) + (0.5/0.8) / (X3, X3). (12)
There are ng = 8 embedded type-2 sets as follows:
Rl = (0.5/0.8)/(x1,%1) + (0.6/0.4) /(x1, X2) + (1.0/0.4)/(x1,x3) + (0.2/0.8) /(x2, X1) + (0.9/0.8) /(x2, X2)
+(0.6/0.4)/(x, x3) + (0.3/0.8)/(x3,x1) + (0.8/0.4) / (X3, X2) + (1.0/0.4) /(x3, X3),
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Fig. 1. The type-2 fuzzy set A used in Example 3.
)u’ﬁg((xl‘ mj)?“‘) 1.0
1.0 0.9 1.0
1 0.8
05 0.6 0.6 0.5
0.3
w 0.2
1 /4 0.1
08 [
04
> (xl N .’)3]' )
0 (z1,z1)(71, 22)(21, T3) (T2, 21 )22, T2 ) (T2, 23 )(T3, 1 ) (T3, T2)(T3, T3)

Fig. 2. The type-2 fuzzy relation R used in Example 3.

= (0.5/0.8)/(x1,%1) + (1.0/0.8) /(x1,x2) + (1.0/0.4) /(x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(x2, x2) + (0.6/0.4) / (X2, X3)
+(0.3/0.8)/(x3,X1) + (0.8/0.4) /(x3,X2) + (1.0/0.4) / (X3, X3),
= (0.5/0.8)/(x1,x1) + (0.6/0.4) /(x1, x2) + (1.0/0.4) /(x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(x2, x2) + (0.1/0.8) / (X2, X3)
+(0.3/0.8)/(x3, 1) + (0.8/0.4)/(x3.x2) + (1.0/0.4) / (X3, X3),
= (0.5/0.8)/(x1,%1) 4 (1.0/0.8)/(x1, X2) + (1.0/0.4) /(x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(x2, X2) + (0.1/0.8) / (X2, X3)
+(0.3/0.8)/(x3, 1) + (0.8/0.4)/(x3.x2) + (1.0/0.4) / (X3, X3),
= (0.5/0.8)/(x1,%1) 4+ (0.6/0.4) /(x1, X2) + (1.0/0.4) / (x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(x2, X2) + (0.6/0.4) / (X2, X3)
+(0.3/0.8)/(x3,x1) + (0.8/0.4) /(x3,x2) + (0.5/0.8) / (X3, X3),
= (0.5/0.8)/(x1,%1) + (1.0/0.8) /(x1,x2) + (1.0/0.4) / (x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(X2, x2) + (0.6/0.4) / (X2, X3)
+(0.3/0.8)/(x3,x1) + (0.8/0.4) /(x3,%2) + (0.5/0.8) / (X3, X3),
= (0.5/0.8)/(x1,x1) + (0.6/0.4) /(x1,X2) + (1.0/0.4) /(x1, X3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) /(X2, X2) + (0.1/0.8) / (X2, X3)
+(0.3/0.8)/(x3,x1) + (0.8/0.4) /(x3,X2) + (0.5/0.8) /(x3, X3),

367
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RS = (0.5/0.8)/(x1,x1) + (1.0/0.8)/ (X1, X;) + (1.0/0.4)/ (X1, x3)
+(0.2/0.8)/(x2,x1) + (0.9/0.8) / (X2, x2) + (0.1/0.8) / (X3, X3)
+(0.3/0.8)/(x3,x1) + (0.8/0.4)/(x3,x3) + (0.5/0.8) /(x3, X3).

Now R = "% | RL remains to be considered.
Ri(f\i) forj=1,2,3,4andl=1,..., 8 can be computed by (8), leading to:

_ 8 4
RA) =Y Y R(A)
1=1 j=1
= (0.5/0.4)/x; + (0.5/0.8)/x; + (0.2/0.8) /x5 + (0.3/0.4) /x5 + (0.3/0.8) /.

Similarly, computing &(Aé‘) forj=1,2,3,4andl =1, ..., 8 using (9) leads to:

8 4
RA) =Y Y RU(A)
I=1 j=1
= (0.5/0.4)/x; + (0.5/0.6)/x1 + (0.3/0.8) /X1 + (0.2/0.4) /X2 + (0.2/0.6) /x; + (0.2/0.8) /x,
+(0.3/0.4) /x5 + (0.3/0.6) /x5 + (0.3/0.8) /5.

4. Granular structure of type-2 fuzzy rough sets

Rough set theory is an important approach to granular computing, but in the fuzzy framework, the granular structure of fuzzy
rough sets is not as clear as that of classical rough sets. In 2011, Chen et al. 2] proposed the concept of granular fuzzy sets based
on fuzzy similarity relations and described the granular structures of the lower and upper approximations of a fuzzy set. Inspired
by [2], in this section, two kinds of granular type-2 fuzzy sets will be defined, and the granular structure of type-2 fuzzy rough
sets will be discussed.

Let X be a nonempty universe. A type-2 fuzzy point, denoted by x’;, is a type-2 fuzzy set defined on X: for any y € X,

n _ /’L/)“7 lfy:X
X, ) = {1/0, if y#£x’

where /A (resp., 1/0) means thataty = x (resp.,y # x), when its primary variable is A (resp., 0), the associated secondary grade
is equal to p (resp., 1), and at all other values, the secondary grades are equal to 0.
For simplicity, Ry, will be used instead of R} to denote the embedded type-2 set described below.

Definition 12. Suppose that R is a type-2 fuzzy relation on X, Ry is an embedded type-2 set of R, and Ry is the corresponding
embedded type-1 set. For a type-2 fuzzy point x‘f, two granular type-2 fuzzy sets [Xﬂ)% and [xf]’% are defined as follows: for
o o

any y € X,
Ro (%, ¥), Ru(x.3)) A

1 ) = R OD Kol
and
v Ra((X’Y)qRa(Xa}’))/\/L
WO = ARy A=)

For simplicity, R% (x, y) is used to denote Ry ((X, ), Ry (x,y)). Then the above equations can be rewritten as:

[XKL]}%X(AV) _ R;;(X,y) A

Ry (X, y) A A
and
v Ry (x,y) A 1
WO = AR v A=)

In other words, Ry(x, y) is the element chosen from the primary membership of (, y) by Ry, and R, (x, y) is the associated
secondary grade of Ry(x, y).

[x]lg and [X]E will be used to denote [x} ]Ig and [x} L% respectively.

Two type-2 fuzzy sets [xﬁf]lg and [xﬁ ]Ig can be defined as follows: for any y € X,

DT =D I ), TR ) = D IR ).
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Let My ={[x{']2 [xeX; 1 e[0,1], e (0,11}, My ={[x]¢ [xeX;A e[0,1], e (0,11} Mj ={[x{]3lx e X; 2 €[0,1],
e (011} My = {[x{I5lx € X; 2 € [0, 1], € (0, 1]}.
Clearly,

Ky 0) = Yl 0) = 3 2 gﬁ —R(x.y)

and

K;0) = S0l 0) = 3 TR ey

Example 4. Consider the type-2 fuzzy relation defined in Example 3 with notations verified: X = {a, b, c},
R = (0.5/0.8)/(a,a) + (0.6/0.4)/(a, b) + (1.0/0.8)/(a, b) + (1.0/0.4) /(a, c) + (0.2/0.8)/(b, a) + (0.9/0.8)/(b, b)

+(0.6/0.4)/(b,c) + (0.1/0.8)/(b, c¢) + (0.3/0.8) /(c, a) + (0.8/0.4) /(c, b) + (1.0/0.4) /(c, c) + (0.5/0.8) /(c, ©).
(13)

Ry = (0.5/0.8)/(a, a) + (0.6/0.4)/(a, b) + (1.0/0.4)/(a, ¢) + (0.2/0.8)/(b, a) + (0.9/0.8)/(b, b+ (0.6/0.4) /(b, ¢)
+(0.3/0.8)/(c,a) + (0.8/0.4)/(c, b) + (1.0/0.4)/(c, c) (14)

; B 0t q0- .
is an embedded type-2 set of R. Take a type-2 fuzzy point aj 31t follows that:

[a°‘5]5 _ (R;(a,a) A0.5)/Ry(a, a) N (R;(a,b) A 0.5)/Ry(a, b) N (R (a,c) A0.5)/R(a,c)
TR a b c
0.5/0.8 05/04 0.5/04
= + +
a b c
and
(05T — (Rj(a,a) A0.5)/(1 —Ry(a, a)) N (R;(a,b) A0.5)/(1 —Ry(a, b)) N (Ri(a,c) A0.5)/(1 —Ry(a,c))
TR a b c
0.5/0. .5/0. .5/0.
_ 0502 05/06 , 0.5/0.6
a b c
Similarly,
0.5/0.8 0.5/0.8 0.5/0.4 0.5/0.2 0.5/0.2 0.5/0.6
[a}° ], = (/1 + 1/7 N (/1 - 1/7 + é :
A 0.5/0.8 0.5/04 0.5/04 0.5/0.2 0.5/0.6 0.5/0.6
[a?°]g, = (/1 + l/) + é a0y = (/1 + l/) + é :
0.5/0.8 0.5/0.8 0.5/0.4 0.5/0.2 0.5/0.2 0.5/0.6
[0?5124 _ (/1 + l{) + é R [a?‘S]Ig4 = (/1 + l{) + é s
0.5/0.8 0.5/04 0.5/0.4 0.5/0.2 0.5/0.6 0.5/0.6
S A R
A 0.5/0.8 0.5/0.8 0.5/0.4 0.5/0.2 0.5/0.2 0.5/0.6
(9], = =222 4 2202 DOBR sy o 2202 202 DO/R8
0.5/0.8 0.5/04 0.5/0.4 0.5/0.2 0.5/0.6 0.5/0.6
()], = (/1 + l/) + é o [aly = (/1 + l/) + é ,
0.5/0.8 0.5/0.8 0.5/0.4 0.5/02 05/02 0.5/0.6
0517 05
[a7”];, = c T T el = . Ty Tt
Thus,

8
A 0.5/0.8 0.5/04+0.5/0.8 0.5/0.4

0.5 05
[ay ]R:;:][al R = a 7 b e

8
05/02 0.5/0.6+05/02 0.5/0.6
057 05
[ay ]R:a§:l[a1 R = a " b e

Next, the properties of granular type-2 fuzzy sets will be discussed.

Theorem 3. Suppose that R is a type-2 fuzzy relation on X and that Ry, is an embedded type-2 set of R. For x € X, A1, A5 € [0, 1], 141,
M2 € (Ov 1]v

M1 A M2 A _ [pH1AM2 A .
(1) [x,\1 ]ﬁa U [sz ]ﬁa = [xw2 lﬁa,
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(2) [xé:l]/\ m[xﬂzlA :[xﬂl/\ﬂz
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]/\.

i ey
11V \/ 172 v .
@) 15 [f =
() W X =

Proof. (1)Foranyy €X,

[ oue], 0 -

~ Re(x ) A(va)

(2)Foranyy € X,

], 0], -

_ Ry Apinpa) [
Ru(x,y) A (A A L)

(3)Foranyy € X,
], ], -

Reey) nia Re(Xy) Apa _ (Ra(y) A pta) ARG (X, Y) A pa)
Ro(x.y) ndi ~ Re(x.y) Ak (Ra(x.¥) AX1) vV (Re(X.¥) A X2)

Ry y) A (ua A pa) [

A
A
X,\:w\;] P ).
3

(RS (x.¥) A pe1) ARG (X, ¥) A [h2)

Ra(xy) A ko _
Ro(x,¥) AAha (Ra(X.y) Ad) A (Ra(X,y) A A2)

A
AN 2
A ARy R,

R, (X, ¥) A g
RO{ (X,y) A )"1

Ry (x,y) A g N R;, (X, ) A o
(I-Ry(x.y)v(1—=2A1) (1-Ru(x,y)Vv(1-2y)
(R, (%, y) A1) A (RS (X, y) A L2)

T I =R ) vV (A= ADIVI(A = Ra(x.)) v (1 = A2)]

T A—Rex ) VI = (M Ad)]

(4)Foranyy € X,
], onfec] 0 -

RZ{(XsY) A (/’Ll A /’LZ) [ )\11//\\){,:2] (y)

R:, (X, ¥) A 1 R:, (X, ) A o

A Ra(x.y) v (-2 (- Ra.y) v (1—2)
(R:, (%, ) A1) A (R (X, ) A [2)

T 1A =R ) V(A= ADIA L = Ra(x.)) v (1 = A2)]

Ry, (x.¥) A (1 A J42) [

T (- Raxy) V1= (A vA)] lfffff] ).

O

Theorem 4. Suppose that R and R® are type-2 fuzzy relations on X and that Ry and Ry are embedded type-2 sets of R and R

respectively. It follows that:

(1) [T, = BT, 1T
@) [, g, = T, UKD
(3) 0Ty, g, = W4Ty, VT
(@) BTy, g, = W4Ty, NI

Proof. For any y € X,

[R (x.¥) ARG (x. )] A 1t
[Re(x,¥) ARg(x. )] A A

R ) A D ARG (%) A ]
~ [Re(®.¥) AAIATRg (X, y) AL
= X, )X T, ).

T, @) =

[R: (x.9) ARG (X. )] A
[Ra(x.y) vV Rg(x. )] A &
R y) AT A IRE (X, y) A ]
 [Ra(x.y) AATV [Rp(x.y) A A]
= Iz, WUl 0.

/L A
X RaURg (y)
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[Re (x, ¥) ARG (X, y)] A

50t ) = TRy ARy )TV (=)
R AR ARG () Al
= [0 Re)) v (0 Ry eIV (A - 2]
B [Re (%, y) A L] A [Ry (x,y) A ]
= [0 Ry v A=V = Rgxoy)) v (1 2]
- T ) Ul )

" [Re (%, y) ARG (X, y)] A
ko, ) = TR Gey) v Ry o) v (1= 7

B [RG (%.y) A ] A [RE (X, y) A ]

[ =Rex.y)) A (1 =Rp(x.y)] v (1-2)]

B (RS (X y) A ] A [RG (%, y) A ]

~ [A=Ra(x.y) v (A =IATA =Rg(x.y) v (1= )]
= X1z, ) n Tz, 0).

O
Theorem 5. Elements in Mz and M}% have the following properties:
(1) Foreveryx e Xand ju € (0,1], " < A implies that [, Iz < [x“]A and [x%, ]v ) [x“]}g ;
(2) Foreveryx e Xand A €[0, 1], u € (0, 1], ([xf]tg )= [va ([x“]v )¢ = [x“]A
Proof. (1) The conclusions are obvious.
(2)Foreveryx e X, A €[0,1], u €(0, 1],
R (X.y) A 11
Y _ o _ [yMV
R0 = Ty o (= = E .
Ro(X.y) A 1
M1V e _ o — [xM]2 .
(1) 0) = Rasas =W, o)
O

Theorem 6. Let X be a nonempty universe, and let R be a type-2 fuzzy relation on X. Then the following statements are equivalent:
(1) Ris reflexive;
(2) Foranyxe X, A €[0,1], u €(0,1], [xf]l%(x) =/,
(3) Foranyx e X, > €[0,1], u € (0, 1], [xf]lg(x) =u/(1=21).
Proof. (1) = (3): Because for every x € X, R(x. x) = 1/1, then for any embedded type-2 set Ry, Ry (x. x) = 1/1. Hence,
R (X, %) A

(X 15 (%) = ;[xf{]}{y (x) = ; T Re VAT~ w/(1=2).
3)=(2):
1300 = DI, 00 = 3 ’;((’; RN 00 = /2

= :LetxeX,1tereex1stsRasuc that Ry (x,x) = A" < 1 an ﬁax,x> . Suppose that A > A’; then, [x} |5 (x) =
(2) (1) if th i h th (x,x) =A" <1 and Ry(x,x) >0.S hat A > A/; th [é\‘]lg()

’;‘;E’)‘(’Q)x # L. which contradicts assertion (2). Therefore, for any x € X and for any A < 1, R((x.x). 1) = 0. Moreover, if there
exists an x € X, such that R(x, x) = /1 with p/ < 1, then for . > p/, [xf]’g(x) = Za[xg‘]}%y x) =3, ﬁ‘;((’;’gi’)f = /A # /A,

which is also a contradiction. In conclusion, R(x,x) = 1/1. O
Theorem 7. Let X be a nonempty universe, and let R be a type-2 fuzzy relation on X. Then the following statements are equivalent:

(1) Ris symmetric;
(2) Foranyx,y € X, [x]3 () = [YIz (%);
(3) Forany x,y € X, [x]{ () = [y]5 (%)
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Proof. R is symmetric if and only if R(x, y) = R(y, x), which is equivalent to R(x, y) = R(y, x), and therefore the above theorem
holds. O

Theorem 8. Let X be a nonempty universe, and let R be a type-2 fuzzy relation on X. Then the following statements are equivalent:

(1) Ris transitive;
(2) Foranyx,y e X, [x]2(¥) = uzex ([X]3 (2) 1 [2]3 ());
(3) Forany x.y e X. (X)) = Lex (((X])(2) 1 ([2] ) (V).

Proof. These conclusions follow from the facts that [X],%(V) R(x,y) and ([x] )¢ = [x]A. O

Different from the property of fuzzy T-transitive relation proven by Chen et al. ([2], Proposition 3.1.5), the last property cannot
be replaced by [x]3 (y) < Mzex ([X]¥(2) L [2]X (V).

Example 5. Consider the type-2 fuzzy similarity relation R defined in Example 2, [a]}g (b) = R°(a, b) = 1/0.2, and
Mzex ([al (2) U 2]} (b)) = Mzex (R°(a, 2) UR (2, b)) = 0.5/0.2.
It is clear that [a]lg (b) £ Myex ([a]E (2)u [z]lg (b)).
Theorem 9. Let X be a nonempty universe, and let R be a type-2 fuzzy relation on X. Then the following statements are equivalent:

(1) Ris a type-2 fuzzy similarity relation;
(2) Foranyx,y € X, €[0, 1], st & (0, 1], [/ 1300 = /. [x13() = V3 (). X3 0) = Lex (113 (@) 203 0));
(3) Foranyx,y € X, A € [0, 1], jt € (0, 1], I/ J{ (%) = p1/(1 = 2), XI5 () = VI3 (), (KIS) = Loex (X)) 1 (121)° ).

Proof. Combining Theorem 6, Theorem 7 and Theorem 8, we have the theorem. O

Different from the property of fuzzy similarity relation proven by Chen et al. ([2], Theorem 3.1.6), the inequalities in (2) and
(3) cannot be replaced by equalities because type-2 fuzzy sets do not satisfy absorption laws [14].

Example 6. Consider the type-2 fuzzy similarity relation R given in Example 2, [a]’% (b) = ([a]l%)f(b) =R(a,b) =1/0.8,
and Lzex ([l (@) n1213(5) = Lex () @) 1 (21 (D)) = Lzex (R(a.2) N R(z, b)) = 0.5/0.8. Clearly, [l (b) # Lzex (a3 (2)
(213 (b)) and ([a])°(b) # Lzex (([a])°(@) 1 ([2]})° (D))
Suppose that R is a type-2 fuzzy relation on U. Define two mappings
Fro{x ixeX, A e0,1], ne(0,1]} - Mj
and
Ceo{x ixeX, A el0,1], ne(0,1]} - My
as follows: for any x*,
L) =[x15 and T () = [x{]%.
Theorem 10. Suppose that ', TV : {x" xeX, L el0,1], u e (0,1]} — F(X) are two mappings. Then there exists a type-2 fuzzy

relation R such that T = Fg and I'V = F)% if and only if ' and 'V satisfy the following axioms: For any x,y € X, A €[0, 1], u €
(0,1},

(1) TAE) ) =T D) N /A TYED @) =TV ) 0) u /(1= 2).
(2) (l”(x“))C V). TV () = FA(X“)

Proof. Necessity. For the first axiom:
o) n s =rpehen s = [x}m) nt

B R(xy) R(xy)Au
_ZRa(X n Z Ry(x,y) AL

=[5 zW = F,?(X‘{)(Y) =T (X))

DD Ui = T u 55 = K0 u

:;(x,y) M
- Z 1-Ry(x.y) 1
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_ Ry(x.y) A
=2 (1-Ra(x,3)) v (1-2)

= X ;0 =T{x) ) =T &) ).

For the second axiom:

(M) = (TR ) = (KT
s (X Y) A L
- (Z Ro (x. y)M>
B Ry (x,y) A
=2 (1 -Ry(x.y)) v(1-1)
= X130 =T @) =TV &) );
YD) ) = TFED) D) = (X 1))

Ry (x.y) A
“(Z (1 - Ra(x. y))v(lM)
W (X)) A
- Z Ro(X,¥y) A A
= [X’{],%(y) =TH() () =T () ).

Sufficiency. Suppose that ' and 'V satisfy axioms (1) and (2). Define two type-2 fuzzy relations on X as R(x, y) = FA(X})(_}/)
and P(x, y) = ﬁ(FV(x})(y)). It follows that:

rwwxw=wvbmnﬁzﬁmwm%
_ W (XY
- ZRa(x » T
Ry (x.y) A b
- ; Ry (%, ¥) AL
=[x 1R = TR () )
M) =T D) U
o (X, y) M
B Z 1-PR(xy) -
_ Pa(x,y)Au
=2 (1-P,(x,y) v (1-2)
= X130 =T ).

Hence, I'*=T% and I'"=T;. Next, it will be proven that R=P. Actually, R(x,y) =T"(x)(y) = TV =
~(MV () ) =Px.y).SoR=P. O

__p M
- P(x’y)l—l«l_)\‘

Theorem 11. Suppose that ', "V : {x“ xeX A el0,1], u e (0,1]} - F(X) are two mappings satisfying the axioms in the above
theorem. Then there exists a type-2 fuzzy similarity relation R such that T'» = Fig and I'V = I’Ig if and only if I'* and T'V satisfy the
following axioms: For any x,y € X, > € [0, 1], u € (0, 1],

(1) T = 5. T @) =T D), T ED ) = Lex (T @) nTAED )

(2) TV () = #45. TV () 0) =TV &), (TVED)W) = ex[(TY (1)) (2) 1 (TV(2]) ()]
Proof. Sufficiency. Let R(x, y) = FA(X})(y), then'* =T'p and I'Y = I'g. If ' satisfies axiom (1) or I' satisfies axiom (2), it is
obvious that R is a type-2 fuzzy similarity relation. Necessity is obvious. O

Next, the granular structures of the lower and upper approximations of a type-2 fuzzy set will be described.

Theorem 12. Let R be a discrete type-2 fuzzy relation on X, and let A be a discrete type-2 fuzzy set on X, where X is a nonempty
universe. If these can be represented by the Representation Theorem as R = ZZR: 1Ry and A = ZZA: 1Ag. then
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Ro (A Ao’
G =[],

xeX o
and

- 07"
Ry (Ap) = ﬂ [XAg (x)] P
xeX o

Consequently, the upper and lower approximations of A can be represented as

ng Ny Ny
— . Ap (x)
R(A) ZZRa(Aﬁ) ZZU[ Ai(x)]
a=1 =1 a=1pB=1xeX
o nRoma TR A A5 (0
RA =Y > RuAp)=>"Y" [ 4 (x)]
a=1p=1 a=1p=1xeX R
Proof.
Aﬂ(X)]A RZ(X,y) /\Aﬁ(X)
X O =Uzs o
g [ A | g( Ry (x.y) AAg(X)

~ Avex R, 9) A A (%))
~ Viex Ra(x.y) A Ag(x))

=R (Ap) ).

A (%) Ry (X,y) AAC (x)
QM%L ~Na R a-A&w)
A Ry09) A A ()
= A (= Re(xy)) v A, (0] — R @D O).

where Ag is the embedded type-1 set associated with Aﬂ and Aﬁ (x) is the simplified form ofAﬁ (*x,Ag(x)). O

In classical rough set theory, the upper approximation of A related to the equivalence relation R can be explained as the union
of the minimal basic granules to which every element in A belongs, where the collection of all equivalence classes is the basic
granular set [2], that is, R(A) = U{[x]g|x € A}. The lower approximation of A is RA = n{([x]r)¢|x € A}. Considering UZR=1 M}% and

UZR_ 1 Mlg as the basic granular set, then the above theorem shows the corresponding results in the type-2 fuzzy frame.
- o

To compare the model presented here with that proposed by Zhao and Xiao [26], let us consider the example in [26] with
some notations modified.

Example 7. Let X = {1, x,.x3}. A € F(X) and R € F(X x X) are given as follows:
1;(x;) = trimf(0.18, 0.36, 0.54);
M (x2) = trapmf(0.38,0.52,0.74, 0.86);
115(x3) = trimf(0.39,0.61,0.72);
(X1, X1) = Pz, X2) = (X3, x3) = 1/1;
Mg(X1.%2) = (X2, x1) = trapmf(0.2,0.3,0.37,0.45);
pLR(X],Xg) = MR(X3,X]) = trimf(O.l, 0.23, 039),
Mi(X2.X3) = Mp(x3,Xp) = trimf(0.8,0.95, 1),

where trapmf( -, -, -, -) denotes a trapezoidal function, the first and fourth parameters of () denote the bottom left and right
endpoints respectively, and the second and third parameters of () denote the top left and right endpoints respectively. Further-
more, trimf{ -, -, -) denotes a triangular function, the first and third parameters of () denote the bottom left and right endpoints
respectively, and the second parameter of () denotes the apex.

Because the model presented here is defined for discrete type-2 fuzzy sets and relations, the secondary membership functions
of A and R can be discretized. For purposes of comparison, embedded type-2 sets were chosen as follows:
; 0.5/0.27 n 0.5/0.45 N 0.5/0.5

e s

13

X1 X2 X3
~ 0.5/045 0.5/0.8 0.5/0.66
A2 = / + / + / .
X1 X2 X3

51 0.5/1 N 0.5/0.25 N 0.5/0.17 n 0.5/0.25 0.5/1 N 0.5/0.88 N 0.5/0.17 N 0.5/0.88 n 0.5/1
¢ (x1.x1) (X1,%2) (X1,X3) (x2.x1) (x2.%2) (X2, X3) (x3,x1) (X3, %2) (x3,%3)"

= 0.5/1 0.5/041 0.5/0.31 0.5/0.41 0.5/1 0.5/097 0.5/0.31 0.5/0.97 0.5/1
R = + + - - + + + :

(x1.,x1)  (%1.%2)  (x1.x3)  (X2.x1)  (Xa.X%)  (X2.x3) 0 (x3.x1) 0 (X3.X%2)  (X3,X3)

e =
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The corresponding embedded type-1 sets ofA}g and 7\3 are exactly Si‘ (x|0.5) and Sﬁ (x]0.5) in [26], and the corresponding embed-
ded type-1 sets of R} and R2 are exactly S((x,y)[0.5) and SK ((x,y)|0.5) in [26].
Assume that Ag = Al and Ry = R}. It follows that:

= i,0]"  0.5/027 05/0.25 0.5/0.17
Ra(Aﬁ):UxeX[XAZ(X):IR: e fr

5 ooi o\ A%(x)]v _05/0.27 0.5/045 0.5/0.45
B“(Aﬂ)_mxex[xf‘%(") R % s

Now assume that Ag = A2 and Ry, = R}. Then,

0.5/0.45 0.5/0.8 0.5/0.8
/ n / n /

Ra(Aﬁ): X X X3 s
s« 05/045 05/0.66 0.5/0.66
R,(Ag) = X + % + P

Next, assume that Ag = A} and Ry = R2. Then,

=~ 0.5/0.41 0.5/0.5 0.5/0.5
Ralg) = 22005 4 2002 4 22002,
. 0.5/027 0.5/0.45 0.5/0.45
R = .
R, (Ap) n T x T x

Assuming Ag = AZ and Ry, = RZ. then

= . 05/045 05/08 05/08
Ro(Ag) = i == X/z + X/3 ,

. 05/045 05/059 05/0.66
R,(Ag) = X + % + pa

In comparison with the results given in [26], it has been found here that the corresponding embedded type-1 set ofﬁj([\;) is

SZ(A) (x]0.5), the corresponding embedded type-1 set oflig(;\g) is S{,(A) (x]0.5), the corresponding embedded type-1 set ofg(/ﬂ)

is Sf(A) (x]0.5), and the corresponding embedded type-1 set of@(ﬁg) is SE(A) (x]0.5).

Similarly, other approximate results can be computed for other embedded type-2 sets and relations. It is clear that the model
presented here will result in the same upper and lower approximations of A as that proposed by Zhao and Xiao.

Example 8. As a type-2 fuzzy rough attribute reduction example, consider a type-2 fuzzy decision system (X, RuD). Suppose
thatX = {eq.ey. ..., eg} is a set of finite objects, R = {Ry, Ry, R3} is a set of conditional attributes, and D = {Q} is a set of decision
attributes. Ry, Ry, Q are crisp equivalence relations, and R3 is a type-2 fuzzy relation. These are defined as follows:

111 0 0 0
111 0 0 0
11 1 0 0 0
Riteed=1g 0 0 1 1 1
00 0 1 1 1
0 0 0 1 1 1
11 1 1 0 1
11 1 1 0 1
11 1 1 0 1
Relened =11 1 1 1 0 1
0 000 1 0
1 1 1 1 0 1
11 106  1/0.2 1/0.9 1/0.5 1/0.1
106  1/1 1/0.7 1/0.6 0.5/0.8 1/0.6
Ruene) — | 1102 1/07 11 1/0.2 1/0.8 0.5/0.9
WE7 = 1109 106 1/0.2 11 1/06  1/0.1+1/0.2
1/05 05/08 1/0.8 1/0.6 1/1 1/0.8
101 1/0.6 0.5/09 1/0.1+1/02 1/0.8 11

X/Q = {Y1.Y2} = {{e2. e3, €6}, {e1. €4, €5}}.
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Table 1
Example of rough attribute reduction.
a ay as d
el yes yes  normal No
e2 yes yes high yes
e3 yes yes veryhigh Yes
e4d  no yes  normal no
e5 no no high No

e6 no yes  very high  yes

Because R; and R, are crisp equivalence relations and
X/Ry = {{e1, ez, e3}, {e, €5, €6}},
X/Ry = {{e1, €2, €3, e4, €6}, {es}},
itis clear that:
RV UR ()]

1(Q) = X] ,
12(Q) = |&(Y1)|;|&(Y2)| 16,

Suppose that R; = Y, Ry. Then forany y € Xand i = 1, 2,
Rs(Y)() = > Ru(¥)D(¥)
_ /\XEXRE(Xﬂ .V)
B ; Axex[ (1 = Re (x.3)) v Y;(x)]
_ Z /\XEXRZ (X, .V)
— Axev[(1 =R (%)) v Yi(X)] A {Axgy [(1 = Ra (%, ¥)) v Yi(X) ]}

_ Z /\XEXR:; (Xv y)
p /\xel/,-(‘l —Ra(x,¥))

Hence,
~ 1/04 05/0 05/0 1/04 0.5/02 0.5/0
R3(Y1)=/+/+/+/+/+/,
— e e es (N s €6
~ 1/0 0.5/02 05/02 1/0 0.5/0 0.5/0.2
R3(Y2):L+#+#+L+ / +#’
- €1 [5) es €4 €s €s
and then
~ ~ 1/04 0.5/0.2 05/02 1/04 05/02 0.5/0.2
Ra(V) URs(vy) = 104 02/02, 05/02 , 1/04, 05/0.2, 05/0-2
- - €1 (5] €3 €4 €sg €6
Hence,
- - 6
V2(Q) = IRs (YD) URs (V)| 21 Gy ) (1) 126

IX] a IX]

where CR3 (¥R (V) (e;) is the cardinality ofli3(Y1) U &(YZ)](ei), which is defined as the product of the primary membership and

its associated secondary grade.

Note that attribute R5 causes the greatest increase in type-2 fuzzy rough dependency degree. Hence, this attribute is chosen
and added to the potential reduction set. The process iterates, yielding y13 = 2.85/6, y»3 = 2.45/6.

Because a larger increase of type-2 fuzzy rough dependency degree is produced by adding R; to the reduction candidate set,
the new reduction candidate set becomes {R;, R3}.

Finally, adding R, to the potential reduction set gives y53(Q) = 4.3/6.

For the corresponding case of traditional rough attribute reduction depicted in Table 1, both {a;, as} and {ay, as} are reduc-
tions, {as} is the core, and y{’ o, as}(Q) = y{’ 0, as}(Q) = 1. Compared with the corresponding rough attribute reduction, type-2
fuzzy rough attribute reduction generates different dependency degrees for {a;, as} and {a,, a3}, but still affirms the importance
of {as}.
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5. Conclusions

In this paper, a general definition of type-2 fuzzy rough sets has been developed based on a wavy-slice representation (the
Representation Theorem). Based on an arbitrary general type-2 fuzzy relation, a pair of upper and lower type-2 fuzzy rough
approximation operators has also been derived. The granular structure of type-2 fuzzy rough sets has also been discussed, and it
has been proven that the approximation operators in the type-2 fuzzy rough set model developed in this paper can be defined
using the proposed basic information granules. Finally, attribute reduction within a type-2 fuzzy rough framework is discussed
using a simple example.

So far, type-2 fuzzy sets can be represented by a vertical-slice representation, a wavy-slice representation, or an «-plane
representations. Zhao and Xiao proposed a definition of type-2 fuzzy rough sets based on the «-plane representation method
[26], and Wang investigated type-2 fuzzy rough sets on two finite universes of discourse based on extended t-norms with respect
to type-2 fuzzy relations with convex normal fuzzy truth values using a vertical-slice representation of type-2 fuzzy sets [19].
These models simplify the computation of type-2 fuzzy rough sets but do not mention the granular structure of these sets because
the concept of a type-2 fuzzy point is not clear in the «-plane or in the vertical-slice representations of type-2 fuzzy sets. This
paper presents a new model for type-2 fuzzy rough sets based on wavy slices (the Representation Theorem). The proposed model
decomposes type-2 fuzzy sets into ensembles of embedded type-2 sets, and the definition of fuzzy points is easy to extend to a
type-2 fuzzy framework. Hence, the granular structure of type-2 fuzzy rough sets is creatively discussed, and it is shown that the
upper and lower approximation operators can be defined as unions and intersections of certain granules. The proposed model
illuminates the innate granular structure of type-2 fuzzy rough sets and proposes a set of basic granules in the framework of
type-2 fuzzy rough sets.

As mentioned by Mendel in [11], the Representation Theorem is very useful for deriving theoretical results, but is not rec-
ommended for computational purposes because it would require explicit enumeration of the ny embedded type-2 sets and n,
can be astronomical. For the same reason, the definition of type-2 fuzzy rough sets presented here is useful only for deriving
theoretical results, the examples presented in this paper are simple, and the stated conclusions are all based on discrete type-2
fuzzy sets. Corresponding results for general type-2 fuzzy sets will be discussed in future work by the authors. Future work by
the authors will consider the structure of attribute reduction in terms of granular type-2 fuzzy sets and various approaches to
knowledge discovery in complex fuzzy information systems.
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