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1. Introduction

A matching of a graph is a set of pairwise nonadjacent edges. For a graph with n vertices, a matching M is called perfect if
its size |M| = 3 for even n, or almost perfectif [M| = ”2;1 for odd n. A graph is matchable if it has either a perfect matching or
an almost perfect matching. Otherwise, it is called unmatchable. Throughout the paper, we only consider simple graphs, that
is, graphs with no parallel edges or loops. For graph-theoretical terminology and notation not defined here, we follow [3].
Let G = (V(G), E(G)) be a graph. A set F of edges in G is called a matching preclusion set (MP set for short) if G — F has
neither a perfect matching nor an almost perfect matching. The matching preclusion number of G (MP number for short),
denoted by mp(G), is defined to be the minimum size of all possible such sets of G. The minimum MP set of G is any MP set
whose size is mp(G). A matching preclusion set of a graph is trivial if all its edges are incident to a single vertex.

Since the problem of matching preclusion was first presented by Brigham et al. [6], several classes of graphs have
been studied to understand their matching preclusion properties [8-11,15,17,19]. An obvious application of the matching
preclusion problem was addressed in [6]: when each node of interconnection networks is required to have a special partner
at any time, those that have larger matching preclusion numbers will be more robust in the event of link failures.

Another form of matching obstruction, which is in fact more offensive, is through vertex failures. As an extensive form of
matching preclusion, the problem of strong matching preclusion was proposed by Park and Ihm in [16]. A set F of vertices
and/or edges in a graph G is called a strong matching preclusion set (SMP set for short) if G — F has neither a perfect matching
nor an almost perfect matching. The strong matching preclusion number (SMP number for short) of G, denoted by smp(G),
is defined to be the minimum size of all possible such sets of G. The minimum SMP set of G is any SMP set whose size is
smp(G). Note that the strong matching preclusion is more general than the problems discussed in [1,13], which considered
only vertex deletions.
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In particular, when G itself does not contain perfect matchings or almost perfect matchings, both smp(G) and mp(G) are
regarded as zero. These numbers are undefined for a trivial graph with only one vertex. Notice that an MP set of a graph is
a special SMP set of the graph.

Proposition 1.1 ([16]). For every nontrivial graph G, smp(G) < mp(G).

However, the strong matching preclusion numbers did not decrease for such graphs as restricted hypercube-like graphs
and recursive circulants [ 16]. Following this work, the strong matching preclusion problem was studied for some classes of
graphs such as alternating group graphs, split-stars, and augmented cubes [4,12].

When a set F of vertices and/or edges is removed from a graph, the set is called a fault set. Let F, and F, be the fault vertex
set and the fault edge set, respectively. We have F = F, U F,. For any vertex v € V(G), let Ng(v) be all neighboring vertices
adjacent to v, and let I;(v) be all edges incident to v. Clearly, a fault set that separates exactly one isolated vertex from the
remaining even graph forms a simple SMP set of the original graph.

Proposition 1.2 ([16]). Let G be a graph. Given a fault vertex set X(v) € Ng(v) and a fault edge set Y (v) C Ig(v), X(v) U Y (v)
is an SMP set of G if (i) w € X(v) if and only if (v, w) & Y(v) for every w € Ng(v), and (ii) the number of vertices in
G— X(w)UY(w))iseven.

The above proposition suggests an easy way of building SMP sets. Any SMP set constructed as specified in Proposition 1.2
is called trivial. If smp(G) = §(G), then G is called maximally strong matched. If every minimum SMP set of G is trivial, then
G is called super strong matched. It is easy to see that, for an arbitrary vertex of degree at least 1, there always exists a trivial
SMP set which isolates the vertex. This observation leads to the following fact.

Proposition 1.3 ([16]). For any graph G with no isolated vertices, smp(G) < 8(G), where §(G) is the minimum degree of G.

2. Definitions and terminology

The k-ary n-cube, denoted by Q,f, as one of the most attractive interconnection networks for parallel and distributed sys-
tems, has drawn considerable research attention for its desirable properties [7,19,20], such as ease of implementation, low
latency, and high-bandwidth inter-processor communication [5]. Several parallel systems, such as iWarp [ 18], Cray T3D [ 14],
and Cray T3E [2], have been built based on the k-ary n-cube. The k-ary n-cube Q,ﬂ‘ (k > 2 and n > 1) is a graph consisting of
k" vertices, each of which has the formu = 85, ...68,, where0 < §; < k— 1for 1 <i < n.Two verticesu = 86 ... 6, and
v = AqAy ... A, are adjacent if and only if there exists an integer j, 1 < j < n, such that §; = A; &= 1(mod k) and §; = A;, for
everyi e {1,2,...,n}\ {j}. Such an edge (u, v) is called a j-dimensional edge. For clarity of presentation, we omit writing
“(mod k)in similar expressions for the remainder of the paper. Note that each vertex has degree 2n when k > 3, and degree
n when k = 2. Obviously, Qf is a cycle of length k, and Q2 is an n-dimensional hypercube. We say that Q¥ is divided into
Q,f[O], Q,f[l], - Q,’f[k— 1] (abbreviatedas Q[0], Q[1], ..., Q[k—1],if there are no ambiguities) along dimension d for some
1 <d < n,where Q[p], forevery 0 < p < k — 1, is a subgraph on,f induced by {u = 8163 ...84...6, € V(Q,f) 184 = p}.
It is clear that each Q[p] is isomorphic to Q;L] forO0 < p < k— 1.Letu; = 6162 ...84-1i84+1 . . . 5, be an arbitrary ver-
tex of Q[i]. Forj € {0, 1, ...,k — 1}\{i}, the vertex u; = 818, ...84—1j0d+1 ... is called the corresponding vertex of u;
inQ[jl.

A graph is bipartite if its vertex set can be partitioned into two subsets X and Y such that every edge has one end in X and
one end in Y. Denote by |G| the number of vertices in a graph G. A path is a simple graph whose vertices can be arranged in
a linear sequence in such a way that two vertices are adjacent if they are consecutive in the sequence, and are nonadjacent
otherwise. The length of a path is the number of its edges. The path is odd or even according to the parity of its length. Let G,
and G, be two graphs. G; UG, is the graph with vertex set V(G;) UV (G;) and edge set E(G;) UE(G;). A path or a cycle which
contains every vertex of a graph is called a Hamiltonian path or Hamiltonian cycle of the graph. A graph is Hamiltonian if it
has a Hamiltonian cycle. A graph G is Hamiltonian connected if, for two arbitrary vertices x and y in G, there is a Hamiltonian
path connecting x and y. Let F be a faulty set in a graph G which contains vertices and/or edges. Let k be a positive integer.
G is k-Hamiltonian if G — F is Hamiltonian for every F with |F| < k. G is k-Hamiltonian connected if G — F is Hamiltonian
connected for every F with |F| < k.

In this paper, we investigate the problem of strong matching preclusion for k-ary n-cubes. We shall establish the strong
matching preclusion number and all possible minimum strong matching preclusion sets for k-ary n-cubes with n > 2 and
k> 3.

3. Main results

We first study strong matching preclusion for Q]". Recall that Ql" is a cycle of length k when k > 3. We have the following
result.

Theorem 3.1. Let k > 3 be an integer. Then smp(Ql") =2.
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Proof. By Proposition 1.3, smp(Ql") < S(Qlk) = 2. Next, consider a fault set F with |F| = 1.If F consists of one edge, Qlk —Fis
a path of length k — 1. If F consists of one vertex, Ql" —Fisapath of length k— 2. Note that an odd path has a perfect matching,
while an even path has an almost perfect matching. We have that Qf — F is matchable, which means that smp(Q¥) > 1.
Therefore, smp(Q¥) =2. O

By Theorem 3.1, Q{‘ is maximally strong matched, where k > 3. However, Q{‘ is not super strong matched. For example,
let F = {(0, 5), (2, 3)} be the fault setin a Qf. It is easy to see that there is no perfect matching in Qf — F and that F is not a
trivial strong matching preclusion set.

Lemma 3.1 ([16]). For a connected m-regular bipartite graph G with m > 3, smp(G) = 2. Furthermore, each of its minimum
SMP sets is a set of two vertices from the same partite set.

Theorem 3.2. Let k > 4 be an even integer, and let n > 2 be an integer. Then Qﬁ is bipartite, and smp(Qf) = 2. Furthermore,
each of its minimum SMP sets is a set of two vertices from the same partite set.

Proof. LetV; = {6165 ...8,:6182...6, € V(Q,ﬂ‘) and Z:’zl 8 = 0(mod 2)}and V, = V(Q,f)\Vl.Without loss of generality,
let §162...6, € Viand AqAy ... A, € NQI;;((Sl(Sz ... &8y). By the definition on,i‘, there exists somej € {1, 2, ..., n} such that
8j = Aj £ 1(mod k) and &; = A; fori € {1, 2, ..., n}\{j}. Since k is even, §; and A; have different parities, which implies that
Zle 8; and Zf:] A; have different parities. So A1\, ... A, € V5. It follows that two arbitrary vertices in V; are nonadjacent.
Similarly, two arbitrary vertices in V, are nonadjacent. Thus, Q,’f is bipartite. Note that Q,f is a connected 2n-regular graph with
2n > 3.By Lemma 3.1, smp(Qr’f) = 2, and each of its minimum SMP sets is a set of two vertices from the same partite set. O

Lemma 3.2 ([20]). Let n > 2 be an integer, and let k > 3 be an odd integer. Then Q,f is (2n — 2)-Hamiltonian and is (2n — 3)-
Hamiltonian connected.

Theorem 3.3. Let n > 2 be an integer, and let k > 3 be an odd integer. Then smp(Q,f) =2n.

Proof. Let F C V(QF) U E(Q¥) with [F| < 2n — 1. By Lemma 3.2, Q¥ is (2n — 2)-Hamiltonian. This implies that Q¥ — F
has a Hamiltonian path. Note that an odd path has a perfect matching, while an even path has an almost perfect matching.
Therefore, Q,f — F is matchable, which means that smp(Q,f) > 2n — 1. Combining this with Proposition 1.3,2n — 1 <
smp(QF) < 8(QY) = 2n; thatis, smp(Q¥) =2n. O

In the following, we shall classify all minimum strong matching preclusion sets for k-ary n-cubes with n > 2 and odd
k > 3. We claim that all minimum strong matching preclusion sets are trivial. Given the recursive structure of k-ary n-cubes,
the natural method is to use induction. The first step is to check the base case by case-by-case analysis. Then, combining
the basis of the induction with Hamiltonicity of faulty k-ary n-cubes, we will prove that Q,.’,‘ (n > 2 and odd k > 3)is super
strong matched by induction on n.

Theorem 3.4. Let k > 3 be an odd integer. Then sz is super strong matched.

Proof. Qz" can be divided into Q[0], Q[1], ..., Q[k — 1] along dimension 1. Fori € {0, 1, ..., k — 1}, since Q[i] is a cycle
of length k, for notational simplicity, denote Q[i] by C;. Denote the set of 1-dimensional edges between C; and Ci1 by M; ;44
for0 <i < k—1.Forany ug € V((p), the vertices ug, uq, ..., ux_; and the 1-dimensional edges between them form a cycle
of length k, which is denoted by C(u;) for some i € {0, 1, ..., k — 1}. For any matching M; in G;, the matching M;, which
satisfies that (x;, y;) € M; if and only if (x;, y;) € M;, is called the corresponding matching to M;.

By Theorem 3.3, smp(sz) =4.LetF = F, UF, be a fault set in sz such that |F| = 4, where F, and F, are the fault vertex
set and the fault edge set, respectively. To prove our main result, it is enough to show that either sz — F is matchable or F is
a trivial strong matching preclusion set, where no fault edge in F is incident to any fault vertex in F. We consider five cases,
depending on the value of |F,|. Without loss of generality, assume that |[F, N V(Cy)| > |[F, "V(G)|fori=1,2,...,k— 1.

Case 1. |F,| = 4, which means that |F,| = 0.

Let F/ C F with |F'| = 2. By Lemma 3.2, Q¥ — F’ has a Hamiltonian cycle C. Note that |C| = k? — 2 is odd. C — (F\F’)
is an even path or is divided into an even path and an odd path. So C — (F\F’) can be partitioned into the set M of paths of
length 1 plus one single vertex. Now, M is an almost perfect matching in Qf — F, which means that Qf — F is matchable.

Case 2. |F,| = 3 and |F,| = 1. Now, there is exactly one fault edge e in Qz".

Case 2.1. |[F, NV (Cy)| = 3.

Assume that Cy — F, can be partitioned into the set My of paths of length 1. Let M = My U M5 U --- U My_3 k—1.
Ife ¢ M, then M is a perfect matching in Qz" — F.Ife € My, say e = (ug, vp), then M U {(uo, uy), (vo, v1), (Uz, v2)}\
{(ug, vo), (uy, uz), (v1, v2)} is a perfect matching in Qz" —F.Ife € M\My, say e = (u;, uj1), then M U {(u;j, vj), (Ujt1, vj+1)}\
{(uj, uj+1), (vj, vjir1)} is a perfect matching in sz — F, where v; € Ng; ().

Assume that Cy — F, can be partitioned into the set My of paths of length 1 plus two single vertices ug and vg, both of
which are adjacent to one of the fault vertices, say zo. Note that |F,| = 1. Without loss of generality, assume that (ug, u1)
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and (vg, vx_1) are not fault edges. Let M; and M;_, be the perfect matchings of C; — u; and C,_; — vy_1, respectively. Let
M = My UM; UM UMy3U---UMg_342 U {(up, u1), (vo, vk—1)}. If e & M, then M is a perfect matching in Q¥ — F.
Ife € M\(Mp UM; UM,_1), say e = (sj, Sj+-1), then M U {(s}, t)), (Sj+1, ti+1) I\{(Sjs Sj+1), (&, ti1)} is a perfect matching in
Qz" — F,where t; € Ng (sj). Next, suppose that e € My U My U My_1. Let F,\{zo} = {Xo, yo}. Let M, be the perfect matching
in C(z) — z for each z € {xo, yo}. Let M; be the corresponding matching to My fori = 1,2,...,k — 1. Let M, be the
matching saturating C(tp) — {to, tx_1, t1} for each tg € {up, vo, zo}. Note that C = (uo, u1, z1, v1, Vg, Vk_1, Zk_1, Ux_1, Up) iSa
cycle which contains at most one fault edge. So there exists a perfect matching M* containing no fault edges of C. Let M’ =
(Ui:o1 M) U (Ugyequg, vo,%0.70,20) Mig) UM, Clearly, there is no fault edge in (Ug, equg, vg,x0.y0,20) Mtg) UM*. If e & Uf‘;ol M;, then M’
is a perfect matching in Qf — F.Ife € M; € U M, say e = (a;, b;), then M’ U {(g;, aj11), (bj, bi1)I\{(aj, by), (j11, bjv1)}
is a perfect matching in Q¥ — F.

Case 2.2. |[F, NV (Cp)| = 2.

Let F, NV (Cy) = {up, vo}. Let x; € V(C;) be the fault vertex which is not in Cy. Co — {ug, vo} can be divided into an odd
path Py and an even path P;. We consider two subcases.

Case 2.2.1.1 € {1, k — 1}. Without loss of generality, assume thati = 1.

Assume that |P| = 1, say P; = Y. First, consider that e = (yg, yx—1)- If yo = Xo, then F is a trivial strong matching
preclusion set. If yo # Xo, then C; — {x1, y1} can be divided into an odd path Pj and an even path P;. Let z; be a terminal
vertex of P. Let M and M, be the perfect matchings of C; —{x1, y1, z1} and C; —z;, respectively. Let My be a perfect matching
of Po. Then Mg UM; UMy UM3 4 U -+ UMg_3 k-1 U {(Yo, Y1), (21, 22)} is a perfect matching in Qz" — F. Next, consider that
e # (Yo, Yk—1)- Suppose that k = 3.1fyy = xo, then the cycle (uq, uy, v, v1, uq) has a perfect matching M* containing no fault
edges. Now, M* U {(yo, ¥2)} is a perfect matching in Q23 — F.If yg # Xo, say xo = ug, then the cycle (yo, y1, v1, V2, Uz, Y2, Yo)
has a perfect matching containing no fault edges, which is a perfect matching in Q23 —F.

Assume that P; = yg, e # (Yo, Yr—1) and k > 5 or |P;| > 3. When |P;| > 3, we have k > 5, and there exists a terminal
vertex yo of P; such that e # (Yo, Yr—1). Let Mgy, My and M_; be the perfect matchings of Co — {ug, vo, Yo}, C; — X1 and
Ck—1 — Yk—1, respectively. Let M = Mo U M; U My_1 UMy 3 U - U My_3k—2 U {(¥o,Yk—1)}. If e & M, then M is a perfect
matching in sz —F.Ife € Mjj11 € M, say e = (aj, aj1), then M U {(q;, b)), (aj+1, bj+1)}\{(q;, aj+1), (bj, bji+1)} is a perfect
matching in Qz" — F, where b; € ch(aj). Ife € My ore € My_1,say e = (ai, b1) € My, then M U {(ay, az), (b1, by), (as, b3)}\
{(aq, by), (az, a3), (bz, b3)} is a perfect matching in Qz" — F. Suppose that e € M. Let V},_, and V}_3 be the corresponding
vertex sets to V (P;) in C,_5 and Cy_3, respectively. Let M,_, and M._3 be the perfect matchings of C;_5 — (Vo U{uk_2, vr_2})
and Cy_3 — Vi3, respectively. Then (My_1,0\{(tto, Ux—1), (Vo, vk—1)}) U M1 U My U M3 U Ma3 U --- U My 544 U
{1, Uk—2), (Vk=1, Ve—2)} U (Ug_,ev, 1 (te—2, te—3)}) is a perfect matching in Q) — F.

Case 2.2.2.i ¢ {1, k — 1}. In this case, k > 5. By symmetry, say that i is even.

Assume that |[P;| = 1 (say Py = yo)and e = (yq, y1). Now, Cy — {ug, vo, Yo} can be partitioned into the set My of
paths of length 1. Let My_; be the perfect matching of C,_; — yx—1. Let N¢;(x;) = {a;, b;}. Let M; be the matching saturating
q' — {aj, bj, Xj} for eachj (S {l —1, i, i+ 1}.Then MO U Mk,1 U M,;] 0] M,’ 0] MH] 0] M1.2 U---u M,‘,3.172 @] M,’+2’,’+3 J---u
Mi—3 k-2 U {0, Yk—1)s (@i1, @), (@it1, Xis1), (bi, biv1), (Xi_1, bi_1)} is a perfect matching in QF — F.

Assume that there exists a terminal vertex yo of P; such that e # (yp, y1). Let My, M; and M; be the perfect match-
ings of Co — {uo, vo, Yo}, C1 — ¥1 and G — x;, respectively. Let M = Mo U M; UM; UMy 3 U -+ UMj_pi_1 U Mitq,i42 U
<o U Mi—a2k—1 U {(o,¥1)}. If e &€ M, then M is a perfect matching in Qz" —F.Ife € Mjj;-1 € M,saye = (g, Gjt1),
then M U {(a;, by), (@j+1, bi+1)\{(qj, aj11), (bj, bjir1)} is a perfect matching in sz — F, where b; € Ng (a)).If e € My, say
e = (do, bo), then M U {(ao, ax-1), (bo, bi—1), (A2, bi—2)}\{(do, bo), (ak—1, ak—2), (bi—1, bi—2)} is a perfect matching in

¥ —F.Ife € M;, say e = (a;, by), then M U {(a;, ais1), (bi, bis1), (@2, bis2)\{(ai, by), (@is1, Giy2), (biv1, bis2)} is a per-
fect matching in Qz" — F. Next, suppose that e € My, say e = (ay, by). If i # 2, then M U {(aq, ay), (b1, b2), (as, b3)}\
{(aq, by), (aq, a3), (by, b3)} is a perfect matching in Qz" — F.Ifi = 2 and (a3, by) € My, then M U {(ay, az), (by, bo)}\
{(aq, by), (az, by)} is a perfect matching in sz — F.Ifi = 2 and x, € {a,, by}, then, without loss of generality, assume that
X, = ay.Letd, € Ng,(xy) such that d, and b, are distinct. Let M_; be the perfect matching of C,_; — yr—1. Let M]-’ be the
perfect matching of ; — {d;, g;, b;} for each j € {1, 2, 3}. Then My U M7 U Mj U Mj U Mg_1 U Mys5 U -+ U My_34—2 U
{Vo, Yk—1), (d1, a1), (by, by), (da, d3), (as, b3)} is a perfect matching in Qz" — F.Ifi = 2 and {(ay, ), (by, d2)} € M,, then
M U {(a1, az), (b1, ba), (2, €3), (da, d3), (a3, b3), (s, ¢4), (ba, d))}\{(a1, b1), (a2, c2), (b2, d2), (c3, €4), (a3, aq), (b3, by),
(ds, dy)} is a perfect matching in Qz" —F.

Case2.3. |[F, N V(Cy)| = 1.

Let F, N V(Co) = {z}. Letx; € V(G) and y; € V(C) be the other two fault vertices, where 0 < i < j < k — 1. If
Xo = Yo = Zo, then, similar to the proof of Case 2.1, we can obtain a perfect matching in Qz" — F.If two of Xg, yo, and zg are the
same, then, similar to the proof of Case 2.2, F is a trivial strong matching preclusion set or we can obtain a perfect matching
in Qz" — F. Next, assume that xq, yo, and zg are three distinct vertices in Co. Without loss of generality, assume that e is not a
1-dimensional edge.

Suppose that Cy — {Xo, Yo, Zo} can be partitioned into the set My of paths of length 1. Let M; be the corresponding
matching to My fort = 1,2,...,k — 1. Let M,, be the matching saturating C(w) — w for each w € {x;,yj, z0}. Let

M = (U’[‘;g M) U (Uyeix;y;.20) Muw)- Clearly, there is no fault edge in Uweix;.yj.20) Muw- Ife ¢ M, then M is a perfect matching in
2’(—1:' Ife € M; € M,saye = (a, b), then MU{(ar, ar+1), (be, ber1)\{(ar, be), (@41, bey1)} is @ perfect matching in sz—F~
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Suppose that Cy — {xo, Yo, Zo} can be partitioned into the set My of paths of length 1 plus two single vertices ug and v, both
of which are adjacent to one of xq, yo and zo, say Xo. Let M; be the corresponding matching to My fort = 1, 2, ..., k—1.Let M,,
be the matching saturating C(w) — w for each w € {yj, zo}. Let M; be the matching saturating C(s;) — {si_1, $;, Si+-1} for each
si € {u;, v, X;}. Note that C = (uj_1, Uj, Uiy, Xi+1, Vi+1, Vi, Vi—1, Xi—1, Ui—1) iS @ cycle which contains at most one fault edge.
So there exists a perfect matching M* containing no fault edges of C. Let M’ = (U’t‘;(} M¢) UMy, UMzo U (Us;eugv.%) Meg) UM*.
Clearly, there is no fault edge in My, U Mz, U (Usiequs, vi.x) Myy) U M*. If e & M’, then M’ is a perfect matching in Qz" —F.If
e e M, C M, saye = (a, by), then M’ U {(a;, as11), (bt, ber1)}\{(as, bt), (a¢11, bex1)} is a perfect matching in Qz" —F.

Case 3. |[F,| =2 and |F,| = 2.

By Lemma 3.2, sz — F, has a Hamiltonian cycle C. Note that |C| = k* — 2 is odd. C — F, can be partitioned into the set
M of paths of length 1 plus one single vertex. Now, M is an almost perfect matching in sz — F, which means that sz —Fis
matchable.

Case 4. |F,| = 1and |F,| = 3.

Let F, NV (Cy) = {Xo}. Without loss of generality, assume that there is at most one fault 1-dimensional edge. We consider
four subcases.

Case 4.1. |[F, NE(Cy)| = 3.

Now, there is no fault 1-dimensional edge. Let M; be the perfect matching in C, —x,. Then (Mg 1 \{ (X0, X1)}) UMy UM3 4 U

-+ UMg—2k-1 U {(x1, x2)} is a perfect matching in sz —F.

Case 4.2. |[F, NE(Cy)| = 2.

Recall that no fault edge is incident to xo. We have k > 5. Note that there is exactly one fault edge e which is not in Cy. Let
M, and Mj_; be the perfect matchings of C; — x, and Cy_, — X3, respectively. Whether (Mp 1\{(xo, x1)}) UMy U {(x1, X2)}
or (Mk—1,0\{ (%0, Xk—1)}) U Mk_2 U {(xx—1, Xx—2)} contains no fault edges, say that (Mo 1 \{(xo0, X1)}) UM, U {(x1, x2)} contains
no fault edges. Let M = (Mo 1\{(x0, X1)}) UMy UM3 4 U - - UM_3 x—1 U {(x1,X2)}. Ife &€ M, then M is a perfect matching
in sz —F.Ife € Mjj11 € M, say e = (aj, aj11), then M U {(q;, b)), (aj+1, bi+1)I\{(q}, ai+1), (b}, bj+1)} is a perfect matching
in Q) — F, where b; € N¢,(a)).

Case 4.3. |[F, NE(Gy)| = 1.

Let M, be the perfect matching in G, —x,. Let M = (Mo 1\ {(X0, X1)})) UM UM3 4U- - - UMj_3 x—1 U{(X1, X2)}. Assume that
there is no fault 1-dimensional edge. Without loss of generality, assume that |F, NE(C;)| > |FeNE(Ci—1)|. If |[Fe NE(Cy)| = 2,
then M is a perfect matching in sz — F. Suppose that |[F, N E(C;)| = 1. Let e be the other fault edge. If e ¢ M,, then M is a
perfect matching in Qz" —F.Ife € My, say e = (ay, by), then M U {(ay, as), (ba, b3), (as, by)}\{(az, by), (as, as), (b3, by)}isa
perfect matching in Qz" —Fwhenk > 5,{(ag, ay), (bg, by), (X1, X2), (ay, b1)} is a perfect matching in sz —Fwhenk = 3and
(aq, by) is not the fault edge in Cy, and {(x1, a;), (x2, b2), (ag, az), (bg, b1)} is a perfect matching in Qz" — F when k = 3 and
(ay, by) is the fault edge in C;. Next, suppose that |F, N E(C;)| = 0. Now, |F, N E(Cy)| = |Fe N E(C¢—1)| = 0, which implies
that k > 5.1f e & M,, then M is a perfect matching in Qz" — F. If there are at most two fault edges (a;, b,) and (c,, d3) in
Ma, then M U {(ay, as), (b2, b3), (c2, ¢3), (d2, d3), (a4, bs), (ca, di)}\{(a2, b2), (C2, d2), (a3, aq), (b3, ba), (c3, cq), (d3, dg)} is
a perfect matching in Q¥ — F.

Assume that there is one fault 1-dimensional edge e;. Without loss of generality, assume that |[F, N My = O.
Let e, be the other fault edge. If e;,e, ¢ M, then M is a perfect matching in Q¥ — F. Suppose that e; ¢ M and
e; € M, say e; = (az, by). Then {(ag, az), (x1, X2), (bo, b2), (ay, by)} is a perfect matching in sz — Fwhenk = 3
and M U {(ay, a3), (bz, b3), (a4, bs)}\{(az, by), (as, as), (b3, by)} is a perfect matching in sz — F when k > 5. Next,
consider that e; € M. Suppose that e; = (x1,x). If k = 3, without loss of generality, assume that e, ¢ E(Cy);
then {(x1, aq), (x2, by), (ag, az), (bo, b1)} or {(x1, b1), (x2, a2), (ag, ay), (bg, b2)} is a perfect matching in Qz" — F, where
{ao, bo} = V(Co)\{xo}. If k > 5, then there exists a, € N, (xy) such that (az, by) € M, and (ap, bo) is not the fault
edge. Let M' = M U {(xq, a1), (x2, az), (b1, by), (ao, bo)}\{(ag, a1), (bg, b1), (X1, X2), (az, by)}. Consider that e, ¢ M’;
then M’ is a perfect matching in Qz" — F. Consider that e; # (x1,a;) and e; € M’, which implies that e, € M;, say
e; = (¢, dy); then M’ U {(c3, ¢3), (da, d3), (cq, dg)}\{(c2, d2), (c3, C4), (d3, d4)} is a perfect matching in Qz" — F. Consider
that e, = (x4, a1), and denote the perfect matchings of C; — a;, C; — az and Gy—; — X by My, M} and M;_,, respectively;
then (My—1,0\{ (X0, Xk—1) ) UM UM, UMy_2 UM3 4 U~ - - UMj_4 k-3 U {(Xk—1, Xk—2), (a1, d2)} is a perfect matching in Qz" —F.

Next, suppose that e; # (X, xz). Now, k > 5. Without loss of generality, assume that e; = (g;, aj11) € M. Then
there exists b; € Ng (g;) such that (gj, bj) and (a;41, bj41) are not fault edges. Let M’ = M U {(q;, b)), (aj+1, bir1) I\{(qj, ajt1),
(bj, bjx1)}.Ife; & M, then M’ is a perfect matching in Qz" —F.Consider thate, = (uy, v;) € M. When {g;, bj}N{us, v3} =9,
we have that M’ U {(uy, u3), (v, v3), (g, v4)}\{(tz, v2), (U3, Ug), (v3, v4)} is a perfect matching in sz — F. When b; €
{us, v3} and g; & {u3, v3}, we have that M U {(q;, ;), (@j11, Gir1), (U2, U3), (2, v3), (U, V) \{(G), Gj11), (G, 1), (U2, V2),
(us, uy), (v3, v4)} is a perfect matching in sz — F, where ¢ € Ne(a)) and ¢; # b;. When g; € {us, v3}, we have that
M U {(uz, us), (va, v3), (U, v4)}\{(Uuz, v2), (us, uy), (vs, v4)} is a perfect matching in sz —F.

Case 4.4. |F, NE(Cy)| = 0.

Note that |F,| = 3 and that there is at most one fault 1-dimensional edge. We have 2 < Z;‘;]] |Fe NE(G)| < 3.Let My be
the perfect matching in Cop — xp. Let M = Moy UM; U - - - U My_3 k—1. If Zf:f |Fe NE(C;)| = 3, then M is a perfect matching
inQf —F.
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Next, assume that Zf;ll |Fe N E(G)| = 2. Suppose that k = 3. Let {ag, b} = V(Co)\{x0}. Without loss of generality,
assume that |F, N E(C(bp))| = 0 and |F, N E(Cy)| > |Fe N E(G)|. If |[Fe N E(Cy)| = 2, then it is easy to verify that either
2" — F has a perfect matching or F is a trivial strong matching preclusion set. If |[F, N E(C;)| = |Fe N E(Cy)| = 1, then M,
{(x1, a1), (x2, b2), (Ao, az), (bo, b1)}, {(x1, b1), (x2, a2), (ao, a), (bo, b2)}, or {(x1, x), (a1, b1), (a0, az), (bo, by)} is a perfect
matching in Q2" — F. Suppose that k > 5. Let e = (a;, aj;1) be the fault 1-dimensional edge. If e & M, then M is a per-
fect matching in Qf — F. Consider that e € M and there exists b; € N¢;(aj) such that (g;, bj) and (aj41, bj41) are not fault
edges, then M U {(aj, bj), (aj4+1, bi+1)}\{(aj, ai+1), (bj, bi+1)} is a perfect matching in sz — F. Consider that e € M and that
there exists b; € Ng (aj) such that (a;, b;) is not the fault edge and (aj;1, bj11) is a fault edge; then M U {(q;, b)), (aj31, Gj+2),
(bjy1, bjit2), (ajg3, bit3)I\(aj, aj+1), (bj, bix1), (@42, aj43), (bi+2, bjy3)} is a perfect matching in QZ"—F. Consider thate € M
and (aj, b;) and (aj, d;) are fault edges, where {b;, d;} = Ne (a)). Ifj = 1and ag = xq, then F is a trivial strong match-
ing preclusion set. If j = 1 and ay # Xo, say (ag, Ug) € My, then M U {(ap, a1), (uo, u1), (az, uz)}\{(ao, uo), (ay, az),
(Ll], u2)} is a perfect matching in sz — F. If] 75 1, then M U {(aj,z, bj;z), ((11;1, aj), (bj,17 bj), (aj+1, bj+1)}\{(aj,2, (11;1),
(bj—2, bj—1), (aj, aj+1), (bj, bj11)} is a perfect matching in QF — F.
Case 5. |F,| = 0, which means that |F,| = 4.
Let ' C F with |F'| = 2. By Lemma 3.2, Q¥ — F’ has a Hamiltonian cycle C. Note that |C| = k? is odd. C — (F\F') is
divided into an even path and an odd path. So C — (F\F’) can be partitioned into the set M of paths of length 1 plus one
single vertex. Now, M is an almost perfect matching in Qz" — F, which means that sz — F is matchable. O

Lemma 3.3. Suppose that a graph G has an almost perfect matching M that misses a vertex v which is not isolated. Then there
are at least dg(v) distinct almost perfect matchings other than M with distinct vertices missed other than v.

Proof. Since v is not isolated, there is another vertex u € Ng(v). Let (u, w) € M.Then M U {(u, v)}\{(u, w)} is an almost
perfect matching in G with w missed. According to the above discussion, the lemma is clearly true. O

Forsomed € {1, 2,...,n},a Q,f can be divided into Q[0], Q[1], ..., Q[k— 1] along dimensiond. For0 <i,j < k— 1, we
use [i, j] to denote a set of integers: [i,j] = {l:i <[ <j}ifi <jand[i,jl={l:i<I<k—1or0<I[<j}ifi >j.Qr’f[i,j]
(abbreviated as Q[i, j] if there is no ambiguity) denotes the subgraph of Qr’f which is induced by {u : u € V(Q[I]), I € [i, j]}.

Lemma 3.4 ([20]). Leti,j € [0,k — 1],and let F C V(Q[i, j]) U E(Q[i, j]) be a faulty set with |F| < 2n — 2. Foranyl € [i,j],
let FF =FN (V(Q[ID) UE@I[M). If Q[I] — E, is Hamiltonian connected for every | € [i, j], then there exists a Hamiltonian path
connecting two arbitrary vertices u; € V(Q[i] — F;) and v; € V(Q[j] — F;) in Q[i, jl — F foreveryn > 3 and odd k > 3.

Before we prove the strong matching preclusion result for Q*’f with its fault set F, we define an approach to find a perfect
matching or an almost perfect matching in Q,i‘ —F as follows: we find a fault-free matching M saturating a subset V C V(Q,f).
If there exists a fault-free Hamiltonian path P in Q,f — V, then we can extend the matching M to a perfect matching or an
almost perfect matching in Q,f — F by adding a perfect matching or an almost perfect matching in P. This method will be
called completing M with P.

Theorem 3.5. Let k > 3 be an odd integer, and let n > 2 be an integer. Then Q,f is super strong matched.

Proof. The statement is true if n = 2 by Theorem 3.4. Next, assume that n > 3. We proceed by induction on n. Suppose
that Q,f_l is super strong matched. By Theorem 3.3, smp(Q,f) = 2n. Let F = F, UF, be a fault set in Q,f such that |F| = 2n,
where F, and F, are the fault vertex set and the fault edge set, respectively. To prove our main result, it is enough to show
that either Q,f — F is matchable or F is a trivial strong matching preclusion set, where no fault edge in F is incident to any
fault vertex in F.

Claim 1.1f |F,| = O or |F,| = 0, then Q¥ — F is matchable.

Assume that |F,| = O or |F,| = 0. Let F' C F with |F'| = 2n — 2. By Lemma 3.2, Q¥ — F’ has a Hamiltonian cycle C. Note
that C — (F\F’) can be divided into an even path and an odd path. We have that C — (F\F’) can be partitioned into the set
M of paths of length 1 plus one single vertex. Now, M is an almost perfect matching in Q¥ — F, which means that Q¥ — F is
matchable. The proof of Claim 1 is complete.

By Claim 1, if |F,| = 0 or |F,| = 0, then the conclusion is true. Next, we only consider the case that 1 < |F,| < 2n—1and
1 <|F| <2n— 1.Thereexistsd € {1, 2, ..., n} such that there is at least one fault d-dimensional edge. Q¥ can be divided
into Q[0], Q[1],...,Q[k — 1] along dimensiond. Let F; = F N (V(Q[i]) UE(Q]Ji])) fori = 0, 1, ..., k — 1. Without loss of
generality, assume that |Fo| > |F;| fori = 1,2, ..., k — 1. We consider five cases, depending on the value of |Fy|.

Case 1. |Fo| = 2n — 1.

Note that 1 < |F,| < 2n — 1. Let vy € Fo be a fault vertex. Let F; = Fy\{vo}. Note that Q[0] is isomorphic to QL] and
|[F5] = 2(n — 1). By the induction hypothesis, Q[0] — F; is matchable or F; is a trivial strong matching preclusion set in
Q[O0]. Recall that there is exactly one fault d-dimensional edge. By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every
l € [1, k — 1]. We consider two subcases.
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Case 1.1. [V(Q[0] — F))| is odd.

In this case, Fj cannot be a trivial strong matching preclusion set in Q[0]. So Q[0] — F; has an almost perfect
matching M that misses wg. Let (up, vg) € M. Recall that there is exactly one fault d-dimensional edge. We have
that {(ug, u1), (wo, wx—1)} N F = @ or {(up, ug_1), (wg, w1)} N F = ¢J. Without loss of generality, assume that
{(ug, uq), (wo, wr_1)}NF = @. By Lemma 3.4, there exists a Hamiltonian path Py connecting u; and wy_; inQ[1, k— 1] —F.
Let P = Py U {(up, u1), (wo, wr—1)}. Then completing M\ {(uo, vo)} with P gives a perfect matching on,f —F.

Case 1.2.|V(Q[0] — F})| is even.

Suppose that Q[0] — Fj has a perfect matching M. Let (ug, vo) € M. Recall that there is exactly one fault d-dimensional
edge. We have that either (ug, uy) or (ug, ux_1) is not a fault edge. Without loss of generality, assume that (ug, u;) is not a
fault edge. By Lemma 3.4, there exists a Hamiltonian path Py connecting u; and u,_1inQ[1, k—1]—F.Let P = PoU{(uq, uy)}.
Then completing M\ {(ug, vo)} with P gives an almost perfect matching on,f —F.

Suppose that F] is a trivial strong matching preclusion set in Q [0]. Then there exists v, € F; such that v is another fault
vertex. Let F{' = Fo\{v;}. Now, FJ' cannot be a trivial strong matching preclusion set in Q[0]. So Q[0] — F{ has a perfect
matching. Similar to the discussion in the above paragraph, we can obtain an almost perfect matching of Q,f —F.

Case 2. |Fo| = 2n — 2.

In this case, |F;| < 1forevery!l € [1, k— 1]. By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every | € [1, k — 1]. By
the induction hypothesis, Q[0] — Fy is matchable or F is a trivial strong matching preclusion set in Q [0]. We consider two
subcases.

Case 2.1. Q[0] — Fy is matchable.

Assume that Q[0] — Fy has a perfect matching M. Note that |F\Fy| = 2 < 2n—2.By Lemma 3.4, there exists a Hamiltonian
pathPin Q[1, k — 1] — F. Then completing M with P gives a perfect matching or an almost perfect matching of Q,i‘ —F.

Assume that Q[0] — Fy has an almost perfect matching M that misses xo. Suppose that at least one of (xq, X,_1) and
(X0, x1) is not faulty. Without loss of generality, assume that (xq, x1) is not faulty, and so x; is not a fault vertex in Q[1] — F;.
By Lemma 3.4, there exists a Hamiltonian path Py connecting x; and uy_1inQ[1, k— 1]—F, where uy_; € V(Q[k— 1] —F;_1).
Let P = Py U{(Xg, X1)}. Then completing M with P gives a perfect matching or an almost perfect matching of Q,f —F. Suppose
that both (xq, X¢_1) and (X, x1) are faulty. We first consider the case that xy is not isolated in Q [0] — Fy. By Lemma 3.3, there
exists an almost perfect matching in Q[0] — Fy that misses a vertex other than x,. Similar to the above discussion, we can
obtain a perfect matching or an almost perfect matching of Q,f — F. Next, we consider the case that xq is isolated in Q[0] — Fo.
Since Q[0] — Fy has an almost perfect matching, we have that |V (Q[0] — Fy)| is odd. If either F\Fg = {x1, (Xo, Xk—1)} or
F\Fo = {(X0, x1), Xx—1} holds, then F is a trivial strong matching preclusion set. Otherwise, F\Fy = {(xo, X1), (X0, Xk—1)}. By
Lemma 3.4, there exists a Hamiltonian path P in Q[1, k — 1] — F. Now, P is an odd path, and so P has a perfect matching M,,.
Then M U M, gives an almost perfect matching of Q,f —F.

Case 2.2. Fy is a trivial strong matching preclusion set in Q[0].

Let xo be isolated in Q [0] — Fo. Now, |V (Q[0] — Fo)| is even, and there exists a fault vertex vy € Fo. Let Fj = Fo U {xo}\{vo}.
Then F; is not a trivial strong matching preclusion set in Q[0]. By the induction hypothesis, Q[0] — F has a perfect matching
M. Let (vg, Ug) € M.

Suppose that both (xo, x,—1) and (xo, X1) are faulty. If F\Fy = {(xo, X1), (X0, Xx—1)}, then F is a trivial strong matching
preclusion set. Otherwise, either F\Fy = {x1, (xo, Xk—1)} or F\Fo = {(xo, X1), Xk—1} holds. By Lemma 3.4, there exists a
Hamiltonian path Py connecting u; and wy_1in Q[1, k — 1] — F, where wy_1 € V(Q[k — 1] — F,_1).Let P = Py U {(ug, uy)}.
Then P is an odd path, and so P has a perfect matching M,,. Then MUM,\ {(vo, o)} gives an almost perfect matching on,ﬂ‘ —F.

Suppose that at least one of (xp, x,_1) and (xg, X1) is not faulty. Without loss of generality, assume that (xg, X1) is not
faulty, and so x; is not a fault vertex in Q[1] — F;. We first consider the case that there exists exactly one fault vertex in F\ F.
By Lemma 3.4, there exists a Hamiltonian path Py connecting x; and wy_;inQ[1, k—1]—F, where wy_1 € V(Q[k—1]—F,_1).
Let P = Py U {(Xo, X1)}. Then P is an odd path, and so P has a perfect matching M,. Then M U M\ {(vo, uo)} gives an almost
perfect matching on,i‘ — F. Next, consider the case that F\F, contains no fault vertices. Let u; be adjacent to uo in Q[0] — Fy
such that uy # X, and let (ug, vy) € M. Assume that (ug, ux—1) is not faulty. Let Py be a Hamiltonian path connecting x;
and uy_1, and let P = Py U {(xp, X1), (Uo, Ur—1)}. Then completing M\ {(uo, vo)} with P gives a perfect matching of Q,f —F.
Assume that (ug, ux—1) is faulty and that (vg, vj_;) is not faulty. Let Py be a Hamiltonian path connecting x; and v;_;, and
let P = Py U {(xo, x1), (vg, v;_;)}. Then completing M U {(ug, ug) }\{(uo, vo), (ug, vy)} with P gives a perfect matching of
Q,f — F. Assume that both (uo, ux—1) and (v, v;,_,) are faulty. Let P, be a Hamiltonian path connecting u; and x;_, and let
P = Py U {(uo, u1), (X0, Xx—1) }. Then completing M\ {(uo, vo)} with P gives a perfect matching of Q,f —F.

Case 3. |Fy| = 2n — 3.

By the induction hypothesis, Q [0] — Fy is matchable. We consider two subcases.

Case 3.1. Q[0] — Fy has a perfect matching M.

Assume that |F;| < 1forevery!l € [1, k — 1]. By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every | € [1, k — 1].
Note that |[F\Fg| = 3 < 2n — 2. By Lemma 3.4, there exists a Hamiltonian path P in Q[1, k — 1] — F. Then completing M
with P gives a perfect matching or an almost perfect matching of Q,f —F.

Assume that there exists some j € [1, k — 1] such that |F;| = 2. Note that |[Fj] = 2 < 2(n — 1) — 2. By Lemma 3.2,
Q[jl — F; has a Hamiltonian cycle C and Q[I] — F; is Hamiltonian connected for every [ € [1, k — 1]\{j}. Suppose that
j € {1, k — 1}; without loss of generality, assume that j = 1. Recall that there is exactly one fault d-dimensional edge. There
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exists (uy, wy) € E(C) such that (uq, uy) is not faulty. By Lemma 3.4, there exists a Hamiltonian path Py connecting u, and
Zx—1inQ[2,k — 1] — F, where zy_1 € V(Q[k — 1] — Fy_1).Let P = Py U (C — {(uy, w1)}) U {(uq, uz)}. Then completing M
with P gives a perfect matching or an almost perfect matching of Q,f — F.Suppose thatj & {1, k — 1}. Let (y;, w;) € E(C)
such that both (u;, u;_1) and (wj, wj11) are not faulty. By Lemma 3.4, there exists a Hamiltonian path P; connecting x; and
uj—1 in Q[1,j — 1] — F, and there exists a Hamiltonian path P, connecting wj;; and y,—; in Q[j 4+ 1, k — 1] — F, where
X1 € V(Q[1] — Fp) and y,—1 € V(Q[k — 1] — Fy—y). Let P = P; U P, U (C — {(u;, wp}) U {(y;, uj—1), (wj, wjr1)}. Then
completing M with P gives a perfect matching or an almost perfect matching of Q,l‘ —F.

Case 3.2. Q[0] — Fp has an almost perfect matching M that misses vg.

Assume that |[Fj| < 1forevery!l € [1, k — 1]. By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every | € [1, k — 1].
Suppose that at least one of (vg, vk—1) and (vg, v1) is not faulty. Without loss of generality, assume that (vg, v1) is not faulty,
and so vy is not a fault vertex in Q[1] — F;. By Lemma 3.4, there exists a Hamiltonian path Py connecting vy and z;_ in
Q[1,k — 1] — F, where z,_1 € V(Q[k — 1] — Fe_1). Let P = Py U {(vo, v1)}. Then completing M with P gives a perfect
matching or an almost perfect matching on,ﬁ‘ — F. Suppose that both (vg, vi_1) and (vg, v1) are faulty. Note that vg is not
isolated in Q[0] — Fo. By Lemma 3.3, there exists an almost perfect matching M" in Q[0] — Fy that misses a vertex x, other
than vg. Now, either (xq, X¢—1) or (X, X1) is not faulty. Similar to the above discussion, we can obtain a perfect matching or
an almost perfect matching of Qf —F.

Assume that there exists somej € [1, k—1] such that |F;| = 2.By Lemma 3.2, Q[j]—F; has a Hamiltonian cycle C and Q [I]—
F;is Hamiltonian connected forevery | € [1, k—1]\{j}. Suppose thatj € {1, k—1}; without loss of generality, assume thatj =
1. Consider the case that (vg, v_1) is not faulty, and so v,_ is not a fault vertex in Q [k— 1]—F,_1. There exists (uy, wq) € E(C)
such that (uq, uy) is not faulty. By Lemma 3.4, there exists a Hamiltonian path Py connecting u, and v,_in Q[2, k— 1] — F.
Let P = PoU(C—{(uy, wy)}) U{(uy, uz), (vo, vk_1)}. Then completing M with P gives a perfect matching or an almost perfect
matching onr’f — F. Consider the case that (v, vy_1) is faulty. By Lemma 3.3, there exists an almost perfect matching M’ in
Q[0]—F, that misses a vertex xo other than vg. Note that there is exactly one fault d-dimensional edge. We have that (xg, X;_1)
is not faulty. Similar to the above discussion, we can obtain a perfect matching or an almost perfect matching of Q¥ — F.

Next, suppose thatj & {1, k— 1}. Either (vg, v1) or (v, vk—1) is not faulty. Without loss of generality, assume that (vg, v1)
is not faulty, and so vy is not a fault vertex in Q[1] — F;. Let (u;, wj) € E(C) such that both (u;, uj—;) and (wj, wj1) are not
faulty. By Lemma 3.4, there exists a Hamiltonian path P; connecting vy and u;_; in Q[1, j— 1] —F, and there exists a Hamilto-
nian path P, connecting wj and y,—; inQ[j+1, k—1]—F, wherey,_; € V(Q[k—1]—F—1).LetP = P{UP,U(C—{(u;, wj)HU
{(uj, uji—1), (W}, wit1), (vo, v1)}. Then completing M with P gives a perfect matching or an almost perfect matching on,f —F.

Case 4. |Fy| = 2n — 4.

By the induction hypothesis, Q[0] — Fy is matchable. Note that there is at least one fault d-dimensional edge. We have
that there is at most one of |Fy|, |F2|, ..., |Fr—1| which is at least 2. We consider three subcases.

Case 4.1. There exists some j € [1, k — 1] such that |Fj| = 3.

Recall that |[Fy| > |F| for every i € [1,k — 1]. Since 2n — 4 = |Fy| > |F| = 3, we have thatn > 4. By Lemma 3.2,
Q[!] — F; is Hamiltonian connected for every | € [1, k — 1]. Note that |F\Fy| = 4 < 2n — 2, and that there is exactly one fault
d-dimensional edge. Similar to the proof of the first paragraph of Case 3.1 or the first paragraph of Case 3.2, we can obtain a
perfect matching or an almost perfect matching of Q,f —F.

Case 4.2. There exists some j € [1, k — 1] such that |Fj| = 2.

Assume that Q [0] — Fy has a perfect matching M. Similar to the proof of the second paragraph of Case 3.1, we can obtain
a perfect matching or an almost perfect matching of Q*’f —F.

Assume that Q[0] — Fy has an almost perfect matching M that misses vo. By Lemma 3.2, Q[j] — F; has a Hamiltonian cycle
C and Q[I] — F; is Hamiltonian connected for every | € [1, k — 1]\ {j}. Suppose thatj € {1, k — 1}; without loss of generality,
assume that j = 1. Consider the case that (vg, vi_1) is not faulty, and so vi_1 is not a fault vertex in Q [k — 1] — F,_1. There
exists (uy, wy) € E(C) such that (uq, uy) is not faulty. By Lemma 3.4, there exists a Hamiltonian path Py connecting u, and
Vk—1inQ[2,k — 1] — F.Let P = Py U (C — {(uy, wq)}) U {(uy, uz), (vo, vk_1)}. Then completing M with P gives a perfect
matching or an almost perfect matching of Q,f — F. Consider the case that (vg, vx_1) is faulty. Note that there are at most two
fault d-dimensional edges and that dqg)—r, (vo) > 2. By Lemma 3.3, there exists an almost perfect matching M’ in Q[0] — Fy
that misses a vertex xq such that xq % vo and (xg, Xx—1) is not faulty. Similar to the above discussion, we can obtain a perfect
matching or an almost perfect matching of Q,f —F.

Next, suppose thatj ¢ {1, k— 1}. Consider the case that either (vg, v1) or (vg, vx—1) is not faulty. Without loss of general-
ity, assume that (vg, v1) is not faulty, and so v; is not a fault vertex in Q[1] — F;. Let (u;, w;) € E(C) such that both (u;, uj_1)
and (wj, wj41) are not faulty. By Lemma 3.4, there exists a Hamiltonian path P; connecting v, and uj_; in Q[1,j — 1] — F,
and there exists a Hamiltonian path P, connecting wj;; and y,—; in Q[j + 1, k — 1] — F, where y;_; € V(Q[k — 1] — Fx_1).
Let P = Py UP, U (C — {(uj, wp)}) U {(u, uj—1), (wj, wj+1), (Vo, v1)}. Then completing M with P gives a perfect matching
or an almost perfect matching of Q,f — F. Consider the case that both (vg, v1) and (vg, vi_1) are faulty. By Lemma 3.3, there
exists an almost perfect matching M" in Q [0] — Fy that misses a vertex xo other than vo. Now, (Xq, X1) is not faulty. Similar
to the above discussion, we can obtain a perfect matching or an almost perfect matching of Q¥ — F.

Case 4.3. |[Fj| < 1foreveryl € [1,k — 1].

By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every [ € [1, k — 1]. Assume that Q[0] — Fy has a perfect matching.
Similar to the proof of the first paragraph of Case 3.1, we can obtain a perfect matching or an almost perfect matching of Q. —
F. Next, assume that Q[0] — Fy has an almost perfect matching M that misses vg. Suppose that at least one of (vg, vy_1) and
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(v, v1) is not faulty. Without loss of generality, assume that (vg, v1) is not faulty, and so v is not a fault vertex in Q [1] — F;.
By Lemma 3.4, there exists a Hamiltonian path Py connecting v andz;_1inQ[1, k— 1] —F, where z,_1 € V(Q[k— 1] —F;_1).
Let P = Py U{(vg, v1)}. Then completing M with P gives a perfect matching or an almost perfect matching of Q,f —F.Suppose
that both (vo, vk—1) and (v, vy) are faulty. Note that vy is not isolated in Q[0] — Fy and dg0)—r, (vo) > 2.By Lemma 3.3, there
exists an almost perfect matching M’ in Q [0] — F, that misses a vertex xg such that xy # vg and either (xg, Xx_1) or (xg, X1)
is not faulty. Similar to the above discussion, we can obtain a perfect matching or an almost perfect matching of Q,f —F.

Case 5. |Fy| < 2n—>5.

In this case, |Fj| < 2n—5 = 2(n—1)—3forevery! € [0, k—1].Recall that Q[[] is isomorphic to Q,f_] foreveryl € [0, k—1].
By Lemma 3.2, Q[I] — F; is Hamiltonian connected for every | € [0, k — 1]. Now, there exist 0 < i < j < k — 1 such that
[FO(V(Q[i, jHDUEIi, j1))| < 2n—2and [FN(V(Q[j+1,i—1])UE(Q[j+1,i—1]))| < 2n—2.Note that k" > 2n. There exists
v; € V(Q[i]—F) such that v;, v;_7 and (v;, v;_1) are not faulty. By Lemma 3.4, there exists a Hamiltonian path P; connecting v;
and u;in Q[i, j]—F, and there exists a Hamiltonian path P, connecting vi_; and wj;1 in Q[j+1, i—1]—F, whereu; € V(Q[j]—
Fj) and wjy1 € V(Q[j+ 1] —F41). Then P UP, U{(v;, v;—1)} is a Hamiltonian path in Q¥ — F, and so Q¥ — F is matchable. O

4. Conclusion

In this paper, we have studied the strong matching preclusion for k-ary n-cubes. We have established the strong matching
preclusion number and all possible minimum strong matching preclusion sets for k-ary n-cubes withn > 2 and k > 3. The
results can be used in robustness analysis for the k-ary n-cube network with respect to the property of having a perfect
matching or an almost perfect matching.
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